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ON DEFORMATIONS OF FLAG MANIFOLDS WITH B2=l. 

NORBERT KUHLMANN 


Abstract. Flag manifolds with Picard number 1 and del Pezzo manifolds of 
degree 5 and dimension > 3 are (globally) rigid. 
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1. Introduction 

1.1. Statement of the main theorem. A holomorphic, proper, surjective, reg¬ 
ular map T : X ^ Y, where A, Y are (connected) complex manifolds, is called a 
deformation map. Let Pi,P be compact complex manifolds. Pi is called a de¬ 
formation of P, if both occur as fibers of the same deformation map t : X ^ Y. 
F is called (locally) rigid resp. (locally) nondeformable, if any deformation map 
A —>■ y which has P as one fiber possesses a neighborhood of this fiber, such that 
all fibers in this neighborhood are biholomorphic to P. Pis called (globally) rigid 
resp. (globally) non deformable, if for all deformation maps A —>■ A where one fiber 
is biholomorphic to P, all fibers are biholomorphic to P.If all fibers of the defor¬ 
mation map are kahler, we speak of a kahler deformation map and call 2 fibers 
of a kahler deformation map kahler deformations of each other. In the following 
” kahlerian” has the same meaning as ” kahler”. 

The spaces P we consider in this paper, flag manifolds with 62 = 1 (also called 
flag manifolds with Picard number 1, or rational homogeneous manifolds with Pi¬ 
card number 1) and del Pezzo manifolds of degree 5 and dimension > 3, are well 
known to be locally rigid. We show in this paper, that n-dimensional flag manifolds 
with Picard number 1 and del Pezzo manifolds of degree 5 and dimension n > 2 
are globally rigid. 
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For the rest of this paper V will denote the unit disc (|t| < 1) and t : X ^ Y 
a deformation map.. 

If T : X —>• F is a deformation map, then all fibers Xt = t € Y, are 

diffeomorphic to the fiber Xq. But it is not true, that always in such a situation all 
fibers Xt are biholomorphic to Xq, as for instance the well known example Xq = a 
smooth complex elliptic curve shows. On the other hand, if Xq is a smooth ratio¬ 
nal curve, i.e. if Xq is biholomorphic to the complex projective space P^, then in 
such a situation all fibers are biholomorphic to Xq, i.e. all deformations of are 
biholomorphic to P^. In 1957 F. Hirzebruch, K. Kodaira posed in ([21], see [39]) 
the problem whether a deformation of P” is a P" for n G N arbitrary. 

In this context it suffices to discuss deformation maps t : X ^ Y, which are 
differentiably trivial, i. e. for which there exists a diffeomorphism X ^ Y x Xq, 
which maps each fiber Xt onto (t) x Xq] because r is differentiably trivial over a 
neighborhood of 0 G F. In the following we will assume, that the occurring defor¬ 
mation maps are differentiably trivial. 

In the 1970s it was observed that a (global) deformation of P" must be moishezon 
and that consequently the Hodge decomposition theorem holds, so some simple 
consequences could be drawn. This means: Let t : X ^ Y he a deformation 
map with Xt = P" for t yf 0; then Xq is moishezon. This allowed to construct 
a certain bimeromorphic map p : X ^ X = F x P", defined by r and sections 
SQ,...,Sn in the positive generating line bundle (concering this notion see below) 
V gH^{X, Ox) = Z oi X, with P {t{P)] sq{P) : ... : s„(P)) for general P £ X. 
p maps biholomorphically onto (F\(0)) x P”. p and the induced meromor- 

phic map pq : Xq ^ C (0) x P" = P” of Xq onto the proper transform /r[Xo] 

became the object of study. It was realized that = (0) xP" = P” is equivalent 
to Xq = P”. - Here p[Xq] is the closure of the set of all ip{P) G (0) x P”|P G Xq 
and p is holomorphic in P) in (0) x P" = P”; the graph of pq is the closure of {{P, 
p{P)) G Xq X XqI p is holomorphic in P) in Xq x Xq] by an abuse of notations 
we will denote pq also by p\Xq. 

In order to gain more information about p and pq one can study the behaviour 
of sequences of p~^{lt) C Xt for t ^ 0, where the k are lines in (t) x P”, t 0. 
These lines are orbital curves (i.e. closures of orbits) of Euler vector fields; an 
Euler vector field on P” can be described the outside P”-infinity-hyperplane, i.e. 
on the remaining C" with zi,...,Zn as affine coordinates, by E( d{zi—ai) 

(= ^(zi — Ci)^); the isolated zero (oi,..., a„) is called the center of this holomor¬ 
phic vector field. In order to study these sequences of the p~^{lt) and their limits 
for t —>■ 0 H. Tsuji proposed to consider Euler vector fields on F x P" and their 
liftings to X; he pointed out that this bimeromorphic map p is not biholomorphic 
iff the lifting of Euler vector fields on F x P" to X delivers meromorphic vector 
fields on X with a proper pole along Xq. Thus Euler vector fields entered the scene. 
Einally Siu proved in [ST], [52], [33], that any deformation of the complex projective 
space P" is (analytically isomorphic to) a P"; one major ingredient was the use of 
Euler vector fields. Up to now the shortest proofs of the P"-nondeformability are 
those which are based on or related to lemma I of [5T] (see also [IS]), this means 
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proofs, which exploit properties of (additive) holomorphic vector fields with a di- 
visorial zero. The global rigidity of smooth quadrics Qn of dimension n > 3 was 
proved in [53]. Therefore it can be stated: 

Theorem. Let t : X ^ Y he a deformation map. If for all t 7 ^ 0 the fiber Xt 
is biholomorphic to P", then the central fiber Xq is biholomorphic to P" too. If 
for all t 7 ^ 0 the fiber Xt is biholomorphic to a smooth quadric Q„ of dimension 
n > 3, then the central fiber X^ is biholomorphic to Q„ too. 

Remark. With the additional assumption Xq being kahler, the non deformabil- 
ity of P" is generally looked at as a simple consequence of the stronger result [ 2 T] 
and the Qn-case, n > 3, is generally looked at as a simple consequence of [3]. There 
are simpler approaches, if one is only interested in nondeformability, for instance 
approaches which essentially employ that the homology ring of Xq must be isomor¬ 
phic to the homology ring of P" resp. Q„. - In this context one should point out 
the following result of I. Nakamura (here also T. Peternell has to be mentioned): 
For n = 3 any moisezon n-fold homeomorphic to P" resp. to the smooth Q„ is 
analytically isomorphic to P" resp. to Q„ (see [111, 5.3.4, 5.3.5, 5.3.6); Nakamura 
discusses also results of this type for n = 4 and gets partial results for n > 3 ar¬ 
bitrary, especially he proves the deformation invariance of P^ and the smooth Q 4 , 
see the references listed in [49], p.238; the methods leading to these results are not 
the subject of this paper. The present paper is deeply indebted to the Euler vector 
field approach. 

Hwang and Mok proved in [53, [55], [55], [50] : 

Theorem 1. Let t : X ^ Y be a deformation map, let all fibers Xt, 0 t G Y, be 
(analytically isomorphic to) a fixed flag manifold F with 62 = I. Then the fiber 
Xq, 0 G Y, is analytically isomorphic to F, if the central fiber Xq is kahler, i.e. 
projective (in the present context). 

In the present paper we prove a stronger form of this theorem, where the kahler 
assumption for the central fiber Xq is dropped. 

Theorem 2 (Main theorem). Let t : X ^ Y be a deformation map, let all fibers 
Xt,h t GY, be (analytically isomorphic to) a fixed flag manifold F with 62 = 1. 
Then the fiber Xq, 0 G Y, is analytically isomorphic to F. 

As flag manifolds are locally rigid (see for instance [1], p. 131), theorem 2 can 
be rephrased: Let t : X ^ Y be a deformation map, suppose that one fiber is a 
flag manifold F with 62 = Then all fibers are analytically isomorphic to F. 

In theorem 1 and 2 one cannot weaken the regularity condition of r by a flat¬ 
ness condition, as the example of [54], p. 274 shows. 

The assumptions of theorem 1 and 2 imply readily H^{X, O^) = H^{Xq, Oxq) ~ 
we denote the positive generating line bundle G H^{X,Ox) on A by P and the 
restriction to Xq by Vq. V is characterized by: V generates H^{X,Ox) = Z; for 


DEFORMATIONS 


5 


t ^ 0 the induced line bundle Dt on Xt is very ample. 

In the beginning the structure of proof (say of theorem 1) may approximately 
and redundantly be indicated thus: 

(*) We suppose: a. F is a Fano manifold of dimension n > 3 with H^{F, Op) = 
H'^{F,Z) = H 2 {F,Z) = Z. The positive generating line bundle, i.e. the ample 
generating line bundle Dp G H^(F,Op) is very ample. There are G 

H^{F,Vp), hypersurfaces Hp C F ,F[' C P", and So,...,s(j G i7°(P”,Fpn) with 
the following properties: Flp = (sq = 0), H = (sg = 0). The meromorphic map 
fxp : F -G P” , defined by (sg : ... : s'„) = (sg : ... : s„) in general points, maps 
F\Hp biholomorphically onto C” = P"\iJ. Translations of C" = P”/i/ extend 
to biholomorphic maps F ^ F. 

b. Denote Zi := f-, i = 1) n. For every point P G F\Hp — C" with := Zi{P), 

i = 1, there is a holomorphic vector field rj on F (called an Euler vector field 
on F with center P resp. (oi,..., a„)) with the following property: On F\F[p = C" 
the vector field rj has the form ~ Ri) • 

c. F is covered by F-lines, .i.e. rational curves of X>F-degree one. Any two points 
in F can be connected by a chain of F- lines. 

d. If F is an analytic subset of F of at least codimension 2, then general lines in 
F do not meet F , i.e. there is a nonempty open subset in the space of lines on F, 
such that the lines of this subset evade F 

e. For all points P G F\F[f the corresponding Euler vector field ry with center 
P possesses at least one orbital curve through F, which is a line in F. General lines 
on F do not meet the set of indeterminancy of pp- 

f. F is homogeneous. 

Conclusion: Let t : X ^ Y = (|t| < I) be a holomorphic, proper, regular, surjec¬ 
tive map, such that all fibers Xt, t ^ 0, are biholomorphic to F. Then the fiber 
Xq is biholomorphic to F, if Xq is projective. 

End of (*). 

Remark. The aim of (*) is to list some of the properties of F which will become 
important in this paper. Certainly the list is redundant, the assumptions are by far 
too strong. Nor will our proof of theorems 1, 2, 3 be conducted exactly along these 
lines,but only roughly, as there are steps, which have to be handled differently for 
different types of spaces F. 

Dp and its trivial extension to Y x F are also called the hyperplane bundle on 
F resp. on y x F, although the zero sets of sections in the hyperplane bundle of 
F (also called hyperplanes) are for F P” not necessarily complex hyperplanes 
in the usual sense. - Here an irreducible curve in F is a line if it represents a (the 
positive) generating element of H 2 {F, Z) = Z. If F is embedded into a via a 
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base of Dp), an irreducible curve in is a line in F, if it is a line in P^, 

because a general hyperplane meets it just once; especially lines in F are rational 
curves. 

Theorem 3. Any (global) deformation of a del Pezzo manifold F of degree 5 and 
dimension n >2> is analytieally isomorphic to F. 

In subsection 4.1 of chapter 4 we start the proof with the construction of cer¬ 
tain bimeromorphic maps p, ■. X ^ X := Y x P”, fl : X ^ X := Y x F, 
where fi is biholomorphic outside Xq and where p induces a bimeromorphic map 
Pt of each Xt, t 0, onto (t) x P”; these bimeromorphic maps are defined by r 
and sections sq, ..., Sn, resp. sq, ..., Sn, sn in the positive generating line bundle 
T) oi X. In order to show the biholomorphy of the by p induced meromorphic 
map po : Xq ^ Xq = (0) x F it suffices to prove the surjectivity of the induced 
meromorphic map po : Xq —>■ Xq resp. the surjectivity of the induced meromor¬ 
phic map po : Xq ^ Xq = (0) x P”; here surjectivity means p[Xo] = Xq, resp. 
p[Xq] = Xq; at hrst sight this surjectivity assertion possibly looks astonishing, but 
one has to take into account the special situation one is dealing with, compare 2.3. . 

Suppose that po and pQ are not surjective. Under this assumption we study in 
chapter 5 and 7 the lifting and the holomorphic lifting of Euler vector fields on 
X =Y X F to X and to the graph G otp and can after these preparations give a 
proof of theorem 2, i.e. can disprove Xq := p[Xo] ^ Xq resp. Xq := p[Xq] ^ Xq. 
If Xq ^ Xq, Go has two components Gq, Xq, which do not coincide, where G^ is a 
modification of Xq and where Xg is a modihcation of Xq, there may be more com¬ 
ponents. Of importance is the ’’attractor” resp. the ’’limit set” (Hwang) S*, the 
image of G( in Xq; for practical purposes one may look at S* as the indeterminate 
set of p. 

p and p have the following property: Both maps are holomorphic outside (sq = 0), 
p is biholomorphic outside Xq; Y x F\{{sq = 0) equals Y x C”. 

Formally all this leads finally to an application of the adjunction formula. For 
this purpose it is essential to prove the existence of lines, i.e. of minimal rational 
curves in general /io-fibers, i.e. of irreducible, rational curves in general /ro-fibers, 
which generate H 2 {Xo, Z) = Z. 

On the first go theorem I is proved in chapter 6 , the proof of which is simpler 
than the proof in the general case of theorem 2 ; because in the case of theorem 1 
for instance irreducible curves in Xq are positive multiples of the positive generat¬ 
ing element of H 2 {Xq, Z) = Z,as X is kahler resp. projective. 

That the kahler assumption for Xq in theorem I is superfluous as an assump¬ 
tion, can be explained (with a bit more than just cum grano salis) thus: Critical 
is the case dim S'* > 1. One can discard dimS* > 1 in the case of theorem 1 
by employing a certain line connectedness property of flag manifolds with 62 = 1 ; 
the kahler assumption guarantees that curves in S* are positive multiples of the 



DEFORMATIONS 


7 


positive generating element of H2{Xq,7j)=7j, if dim S'* > 1. But this can also be 
guaranteed with the help of Siu’s method proving the non deformability of P". 
This method assures that any general fiber fib of /tq rsp. /tq is a P"* naturally with 
m = dim fib; one can show that S* is of dimension m — 1 and is contained in any 
general fiber fib, S* is a hyperplane in fib = P"*. The homogenity of fib delivers 
the wanted positivity result for curves. 

An underlying basic line of thought of this paper to start with can be described 
thus: We can assume F 7 ^ P”. Suppose that Aq ^ F, i.e. that Xq = ^o[Ao] 7 ^ Xq 
= (0) X F, i.e. m > 1, i.e. dim Aq = dim Aq = n — m<n — 1. If dim Aq = u — 1 
(We call this the hypersurface case because in this case Aq is a hypersurface in 
P"), i.e. TO = 1, dim S'* = 0, we get by holomorphic liftings of certain Euler vector 
fields on A x F to Aq (additive) holomorphic vector fields on Aq with divisorial 
zeros, as is shown by direct computation. Then [24] or [25] immediately deliver 
F = P", the wanted contradiction. - Now suppose to > 2, i.e. dim Ag < n — 2, 
i.e. dimS* > 0. One possibility to proceed is: Show that general (suitable) lines I 
on (0) X F = Aq do not meet Ag C Aq and that general fibers of fio resp. /iq are 
P"*s such that the adjunction formula is applicable delivering Aq = P”, the wanted 
contradiction. Another shorter possibility (giving a weaker result) is: Suppose Aq 
to be kahler. Let I be a line on F. Then (/i“^[A x I ])q generates H 2 {Xq, Z) = Z 
and thus has to be irreducible as Aq is kahler. Show that there are lines I such 
that (jl~^[Y X I ])o has at least 2 components, a contradiction. 

I have to thank Gregor Eels for a discussion on one of my attempts (many years 
ago) to prove theorem 2 and 3 with inadequate means. Furthermore I am grateful 
to him for calling my attention to the readable ” Diplomarbeit” of A. Radtke (Bre¬ 
men, 1996), where [2,5] was reworked. 


1.2. More on the overall structure of the proof of theorem 1 and 2. a. 
On the construction of /r : A ^ A x P", /2 : A —)• A x F. Let n > 3 and let for 
t 7 ^ 0 the hber Xt be analytically isomorphic to F, a compact irreducible, hermitian 
symmetric manifold (or more general, a flag manifold with 62 = 1 ) of dimension n, 
we may suppose A to be diffeomorphic to A x Aq. If nothing else is agreed upon we 
suppose for the rest of the introduction Aq 7^ F, i.e. Aq = ^[Aq] 7^ Aq = (0) x P", 
Aq = ^[Aq] 7^ Aq = (0) X F, i.e.Xo 7^ F. We want to disprove the assumption 
Aqt^F. 


A theorem of litaka (see 2.1) implies that Aq is at least moishezon and this in turn 
gives H^{X, Ox) = H^{X,Ox) = 0, H\X, 0\) H‘^{X, Z) = H^{Xt, Z) ^ Z for 

all t GY. We denoted by V the positive generating line bundle of H^{X, 0\), which 
induces for t 7 ^ 0 on At = F the hyperplane bundle, i.e. the positive generating 
line bundle on F, which is very ample. 

In the following Grauert’s image sheaf theorem m and Ghow varieties ([ 2 ], [in],[SD]) 
are applied. - We will show: Let V be the hyperplane bundle on A = A x P", 
i.e. the line bundle which induces for all t G A on (t) x P” = P" the hyperplane 
bundle. There are so,...,s„ G T{X,V) and Sq,...,Sjj G r(A ,V ), such that the 
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restrictions Si \ Xt, i = 0, are linearly independent over C for aXlt^Y and 
give a bimeromorphic map : X ^ Y x P", P {t{P); so{P) : ... : Sn{Pj) = 
(t(P); Sg(/i(P)) : ... : s„(/r(P))) for a general P € X, which induces for all t 0 
a bimeromorphic map Xt —>■ (t) x P"; let G C X x F x P" be the graph of 
with the projections ip : G ^ X, tp : G ^ Y x P" =: X . Go (= the hber of G 
over 0 G F) contains exactly one component Gq mapped by ip bimeromorphically 
onto (0) X P" and exactly one component Xq mapped by ip bimeromorphically 
onto Xq. Denote Xq := P^{Xq) C Xq. There are s„+i,...,SAr G T{X,'D) (with 
N > n, ii F ^ P"), such that r and sq, ..., Sn, s„+i,..., sat (these are linearly 
independant along Xq) dehne a bimeromorphic map /r : X —>■ F x F, which is 
biholomorphic outside Xq. Let GcXxFxFbe the graph of pi with the 
projections ip : G ^ X, ip : G ^ Y x F =: X . Gq {= the hber of G over 
0 G F) contains exactly one component Gq mapped by ip bimeromorphically onto 
(0) X F and exactly one component Xq mapped by ip bimeromorphically onto 
Xq. Denote Xg := ^^{Xq). Let V' be the positive generating line bundle on 
X = Y X F; there are Sg,..., ..., G iL°(X , V ) such that for all gen¬ 

eral P G X the relation Li(P) = (t(P); So(P) : ... : Sn(P) '■ s„+i(P) : ... : sn(P)) 
= ir{Py:So{pi{P)) ■■ - ■■ s^{y{P)) : s^+iiKP)) ■ - ■ Sn{KP)) holds. 

Behind {j, and the choice of Sg,...,s„ resp. Sg,...,s„ is the Bruhat embedding 
C” = (P”\(oo — hyperplane)) —>■ F resp. the related embedding F x C” -^YxF, 
which is dehned via a root space decomposition. Sg,...,s„ can be chosen such 
that there exists a hypersurface Hp in F with F\Hf =C", Hp = (sq — ^) 
such that the biholomorphism F x {F\Hp) —>■ F x C" C F x P” can be ex¬ 
tended to a bimeromorphic map Y x F ^ Y x P". We may suppose that this 
bimeromorphic map is dehned by P {t{P )',^oiP )■■■■■ ^niP )) for gen¬ 
eral P G Y X F = X . This implies that for a general point P G Xq (with 
Po{P) G Xq n (P"\(oo — hyperplane)) = Xq n((0) x C”) = Xg flC") the po- fiber 
and the po- fiber through P coincide. 

We can suppose F x Ffp = {sq = 0). 

One can see (compare 2.3 in chapter 2): p is biholomorphic iff Gg = Xg, i.e. 
iff Gq = Xq, i.e. iff po := p \ Xq : Xq ^ (0) x P" is bimeromorphic, i.e. (in our 
case) iff Xg = p [Xg]= (0) x P", i.e. iff Xg = p [Xq]= (0) x P; see 2.3. 

Concerning the notation p\Xo and the notion of the ’’restriction” po := /r|Xg: 
Xq ^ p [Xq] compare the subsections 1.4 and 9.1: The graph of po is by definition 
Xq = ((P,^(P))|P G Xq,/x is holomorphic in P); it is always po{P) C p{P)', if 
p is holomorphic in P G Xq, then po{P) = p{P). The image in Xq of a fiber of 
Xq —> Xq is a ^o-fiber; any general /xo-fiber is the topological closure in X of a 
fiber of p\{p{P)\P G Xq,/x is a holomorphic map in an X—neighborhood of P). 
The meromorphic map p\Xo is defined and exists if there exists a point P G Xq 
in which p is holomorphic. Analogously the notion of a /XQ-fiber can be introduced. 
Xq is the graph of po, Xq is the graph of /xq, we have Xq = x/’(Xq) = /x[Xo], 
^0 = yi^o) — h [^oj • Let m {= n — dimXQ) be the dimension of a general 
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/iQ-fiber. By a /io-fiber we understand a fiber of the projection Xg —>■ resp. its 

image in Xq, and by a /to-fiber a fiber of the projection Xq Xq resp. its image 
in Xg. 

We suppose X'^ ^ (0) x P”, i.e. Xg ^ (0) x F. On an introductory level one 
may assume Gg = Xg UGg, Gg = Xg UGg; what counts is, that Gg cuts any 
general fiber of Xg ^ Xg in codimension 1, resp. that Gg cuts any general fiber of 
Xg* ^ Xg in codimension 1. Of importance for our purposes is the ’’attractor set” 
S* := ip{G*) (= (piG*)). 

If Xg = tpiX^) = ^ [Xg] 7 ^ (0) X P", then the common zero set S of Sg,...,SAr 
is not empty; naturally S C Xg, dim S' < n — 2, and S* C S. As the Si \ Xg, 
i = 0, ...,n, are linearly independent over C, Xg cannot lie in a proper linear sub¬ 
space of (0) X P" = P” and is especially of degree d > 1. FIgiXg, Z) = Z and 2.2.b. 

imply dimXg = dimXg > 2 . 

If Xg = {t = 0, = 0) with an irreducible homogeneous polynomial S r(X , d ■ 

V ) of degree d, then Xg is a hypersurface in (0) x P” = P” (we call this case the 
hypersurface case”), necessarily of degree d > 2 and of dimension >2. In this 
situation the (complex) dimension of a general ^o-bber is m = 1. 

In this paper we suppose most of the time for reasons of simple notations, if nothing 
else is agreed upon, that general ^o-bbers (i.e. here general fibers of Xg ^ Xg too) 
are irreducible; thus naturally sometimes we are talking about general fibers, where 
we should talk about irreducible components of general fibers. The same shall hold 
for general /lo-bbers; these are naturally general peg- fibers. 

Suppose we replace Xg by a canonical desingularization Xg* (being in this case 
the normalization of Xg , as it turns out) and thus may assume without doing 
harm, that Xg and Xg are smooth. Consider the set of points € Xg where 
ranfc(?/;|Xg) < dimXg , here rank can be looked at as being defined by the rank 
of the functional matrix; its i/j-image is a proper analytic subset of Xg . Let 
Xg —>■ Z —>■ Xg be the Stein factorization ([H], p. 213). All fibers of Xg Z are 
connected, general fibers of Xg Z are irreducible. - This tells: If we assume 
that general fibers of Xg —)• Xg are irreducible, we are talking of general fibers of 
such maps Xg Z . In the same way we can deal with general ^o“bbers. Compare 
5.2.C and S.l.c. But if we deal (in chapter 5 and 8 ) with normal bundles and with 
the adjunction formula, it is not enough to have at disposal only statements on 
irreducible components of general fibers, the irreducibility of general fibers can be 
proved, this is done in 5.2.c and 8 .I.e, and in this context we should not always 
replace just without some discussion Xg by Xg* 

b. On kahler deformations of P" and Q„. The statements of this subsec¬ 
tion b. are known since long.- It is worthwhile to look briefly at the most simple 
cases of the theorem I and to note, that the preceding subsection can already be 
used in order to prove, that kahler (i.e. in our case projective) deformations of 
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P” are P”s, i.e. can be used to prove theorem 1 for F = P". One simple ap¬ 
proach is: We employ that iJ 2 i/(P", Z) = Z for j/ = 0 ,n and that all the other 
homology groups over Z are 0, and that any complex linear P"-subspace of com¬ 
plex dimension ly (resp. its homology class) generates i72 i/(P”, Z). Any irreducible 
(complex) j/-dimensional analytic subset of P" of degree d is homologous to the 
d-fold multiple of the positive generating element G id 2 -!y(P", Z). The hber Xq is 
diffeomorphic to P” and has the same homology ring as P", X can assumed to be 
diffeomorphic to T x P”. It suffices to discuss the case n = 3. We give a sketch in 
order to describe the means which are used.: 

Let T : X ^ Y he a differentiably trivial deformation map with Xt = P^ for 
t ^ 0 and a projective central fiber Xq. Let jj, : X ^ Y x P^be a bimeromorphic 
map as dehned above (for F = P^), which maps ATyATo biholomorphically onto 
(F\(0)) X P^. There are so,...,S 3 G T{X,'D) such that the Si \ Xt, i = 0, 
are linearly independent over C for all t G T and define the bimeromorphic map 
^ : X — >• y X P^ with P —)■ {t{P); so{P) : ... : S 3 (F)) for general P G X. For 
t 0 the bimeromorphic map /x induces a biholomorphic map Xt ^ Xt = P^ 
and thus an isomorphism of the corresponding homology rings. Suppose that /x 
is not biholomorphic, i.e. that /xq is not holomorphic. Then 2 = dirnWg (see 2.3 
of the present paper) and d = degXg > 2 , here m = 1 is the dimension of a 
general /xo-fiber. Let S be the common zero set of sq, .., S 3 ; it can easily be seen 
(compare 2.2.b) that S' C Xq is of dimension 0. We may suppose S to be irreducible. 

Now let Lq be a general linear complex 1-dimensional subspace of P^, let L := 
Y X Lq, L := (p{ip~^[L ]). For all t the complex 1-dimensional curve Lt gen¬ 
erates H 2 {Xt,Z) = Z, for reasons of continuity. But Lq meets Xq in d general 
points. The fiber Lq oi L = (f{'ip~^[L ]) decomposes on the one hand into at least 
d > 2 components of complex dimension m = 1, but on the other hand Lq must 
be irreducibel, as Lq generates H 2 .m{XQ, Z) = Z. Consequently is biholomorphic. 

Briefly with other words: The essential tool in this procedure is the equality of 
the degree ci(X>t)” = 1 for all t; this degree is a topological invariant, indepedent 
of t. One makes use of the fact, that general irreducible m-dimensional analytic 
sets in Xq induce in H 2 .m{XQ, Z) ~ Z positive multiples of the (positive) generating 
element. 

With little effort this method can be made work for the smooth quadric Q„ of 
dimension n > 3. We will briefly indicate the sort of reasoning for n = 3. Suppose 
there is a differentiably trivial deformation map t : X ^ Y with a fiber preserving 
bimeromorphic map 'p : X ^ Y x Q 3 C T x P"* as described above, esp. with 
the following properties: /x is not biholomorphic, only biholomorphic outside Xq, 
.i.e. P[Xq] = Xq is a proper analytic subset of (0) x Q 3 ; the central fiber Xq is 
kahler resp. projective; Y x Q 3 C T x P^ is an embedding; /x is defined by r and 
elements sq) ■•■,S 4 G T{X,'D), the Si \ Xt, i = 0, ...,4, are linearly independent over 
C for alH G y As the degrees ci{Vt)^ for all t are 2 (because we are dealing with 
deformations of smooth quadrics and because the homology ring of Xq is isomor¬ 
phic to the one of Q 3 ), it is easy to see that p[Xo] = Xq c (0) x P"^ = P'^ is 
of dimension 2 and has to be a quadric too; have in mind that these degrees are 
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topological invariants But then Xq has to lie in a linear P"^-subspace of dimension 
dimXg +1 = 3 and sol-^o, S 4 |Xo are linearly dependent, which is not the case 
by construction. This shows that smooth quadrics of dimension > 3 are locally and 
globally non deformable under kahler deformations.This approach does not only 
work for the smooth quadric Q^, with n > 3 uneven, but also for n > 4 even - This 
is not true for the smooth quadric Q 2 of dimension 2; Q 2 = x is locally non 
deformable, but (global) kahler deformations of Q 2 can be different from Q 2 (see 
[40], p.54 and p. 71-75).. 

A definition; Let F be an n—dimensional moishezon manifold with Z) = Z 

and let Vp be a line bundle on F. Define the A—genus of to be A(iD^) := 
n + Cl(27^)" — dimF[^{F,'Dp). Suppose n > 2; then F, Z) = Z implies 
H^{F, 0*~) = Z. Let Vp S H^{F, 0*~) on F be the positive generating line bundle 
on F. 

As F is moishezon, there exists a proper analytic subset T oi F with the following 
property: If A is an irreducible /c—dimensional analytic subset of F with A ^ T, 
then always A o > 0. But we have to be aware that for A C T possibly 

Aoci{Vpf < 0 . 

Let us call Vp numerically semipositive, if always in such a situation Aoci (Vp)^ > 0 
holds. In our case numerical semipositivity is equivalent to nefness, as can be seen 
by an adaption of the proof in chap. I, §6 of the book [20], here nefness of Vp 
means that for all irreducible curves A C F the condition A o ci{Vp) > 0 holds. 

The deformation reasoning with P", Q„ above also works, if the assumption, that 
Xq is kahler is replaced by the assumption, that the positive generating line bundle 
Vq on Xq is numerically semipositive. 

Remark: K. Timmerscheidt improved and sharpened these statements on kahler 
deformations of P", Q„, which had been discussed in a seminar, and the related 
method in his ” Diplomarbeit” (Essen, 1979). - Several people discussed the rigidity 
of P"and the smooth Q„(for n > 3) under kahler deformations from different angles 
in the 1970s. - K. Timmerscheidt established in this respect in his ’’Diplomarbeit” 
the following characterization of P" and of odd-dimensional smooth quadrics Q„ . 
Have in mind that here H^(F, Z) = Z implies H^{F, 0*~) = Z: 

Theorem. Let F be an n—dimensional moishezon manifold with i7^( F, Z) = Z, 
n > 3 . Suppose that the positive generating line bundle Vp £ F[^{F,0*~) on F 
is numerically semipositive, a. If ci(X>^)" = 1 and A(Vp) < 0, then Vp is very 
ample and F = P". b. Assume n > 3 uneven, ci(F^)" = 2, A{Vp) < 0 and that 
the homology ring of F is isomorphic to the one of the smooth Q„. Then Vp is 
very ample and F = Q„ 

Concerning statement a: Here the assumption ci(X>^)" = 1 already implies that 
the homology ring of F is isomorphic to the one of P". 
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Remark. Let F be a deformation of and let Vp be the positive generating 
line bundle on F . If F ^ P^, then there must exist an irreducible curve A of F 
with AociiVp) < 0. If such a curve A does not exist, we would be done in the P^- 
deformation case. The same holds in the Qs-deformation case. - In order to decide 
this question, whether such curves A exist, one has to look out for additional tools.. 

All efforts to eliminate at this stage the kahler condition for Aq without a new 
powerful tool failed. It turned out that Euler vector fields delivered these tools. 

c. On Euler vector fields. After this interruption let us continue with a. 
We need a good description of general ^o"fibers resp. of the components of general 
/iO"fibers as certain orbital varieties; if m = 1 these are orbital curves of certain 
additive holomorphic vector fields xo on Aq, i.e. the closures of integral xo-curves; 
if m > 1, roughly speaking, by combining suitable several (i.e. m) independant 
vector fields of this type one gets integral manifolds the closures of which are called 
orbital varieties. 

Let F be a flag manifold with Picard number one. Let x be an Euler vector 
field on P" resp. on A x P", this type of vector field can be described in a suitable 
C” = P”\oo — hyperplane resp. Y x C” as '^{zi — where(t,a) = (t, a{t)) = 

{t, (ai(<),..., Unit))) is a holomorphic section a over Y ; the point a(0) resp. {t, a{t)) 
is called the center of Xo; resp. Xt resp. (by abuse of notation) x ; here in general 
we suppose that (0) x a(0) gYx C” cYx P” is a general point of Aq . Most of the 
time it will not do any harm to think of a{t) as constant and to identify the graph 
of the function a{t) with Y x a with a € C". We can look at C” as the complement 
of a certain hypersurface Hp on F and can extend x |C" to a holomorphic vector 
field X on A X F. As the by p induced map A\Ao —?> A \Aq is biholomorphic, 
we can lift x to A\Ao; this lifted vector field can be extended to a meromorphic 
vector field x on A (called the lifting or the meromorphic lifting of x to A), which 
has Aq as a pole set of a certain pole order k > 0. By multiplying x with t^, one 
gets a holomorphic vector field x on A, such that the restriction xo of x to Aq is 
a holomorphic vector field on Aq, which is not identically zero; xo turns out to be 
additive; we call x andxo a holomorphic lifting of x resp. x ■ 

As X has Ao as pole divisor, general orbital curves 7o^ X i-e. closures of integral 
curves of such vector fields xo, he in general fibers of po- In the same fashion one 
can lift X resp. x to a meromorphic vector field xg on G, such that xg := 'XQ 
holomorphic on G and ^*xg = X holds. We call also xg (instead of xg we also use 
the notation x*) and Xo ■“ X*l-^o a holomorphic lifting. - Have in mind that we 
distinguish between liftings x, xg, which may be meromorphic, and holomorphic 
liftings Xj XOi Xgi X*j Xo! these holomorphic liftings will also be called Euler vector 
fields. 

XoIXo is additive, is set theoretically only zero in Xq hi S*, analytically this 
point is a double zero of Xo|7o^^\ see [H], p. 329. 
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We show nearly right at the beginning of chapter 5 and 7, that the lifted vec¬ 
tor fields X mentioned above have proper poles along Xq of an order fc > 1 ; this 
means that the (irreducible components of) general fibers of /ig contain the orbital 
varieties of the corresponding holomorphc liftings y; one can handle this by cal¬ 
culation. - It is no restriction to suppose, that that Xq does not lie in a proper 
linear subspace of Xg = (0)xP”, i.e. that sqI^Oj are linearly independent. 

So far we dealt with the notion of Euler vector fields on P". Now a few words 
on the definition of Euler vector fields x oii arbitrary flag manifolds F with Pi¬ 
card number 1. How should Euler vector fields be defined ? This is clear for 
F = P", F = Q„ with n > 3 or E = a grassmannian. For arbitrary F we can 
proceed thus: Embed C" suitably in F (Bruhat embedding), let x be an Euler 
vector field on C", this vector field on C" can be extended holomorphically to P" 
(clear). Show that x can be extended to a holomorphic vector field x oci F, for 
instance using 3.1, 3.2, 3.3, esp. 3.1.d. Such a vector field has all the properties 
which are needed for our purposes. Let us call it an Euler vector field on F. 

One of the first tasks is to show the following assertions: Let y be a general 
Euler vector field on X = Y x F such that its restriction Xo to Xg = (0) x E has 
as center a general point of /r[Xg] = Xg . Then any general orbital curve of Xo on 
(0) X E = Xg meets Xg at most in a finite set of points, i.e. Xg cannot be covered 
completely by compact orbital curves of Xo lying in Xg . If Xg is a hypersurface in 
Xg, i.e. if TO = 1, i.e. if dim S'* = 0, then the holomorphic lifting yg of y to Xg is 
an additive vector field with a divisorial zero; in such a situation Xg = P" holds 
([23];theorem 1:^5]!. 

Especially these calculations give that the vector fields y we constructed above 
have proper poles along Xg. According to [24], p. 318, this occurrence of poles in 
this context has originally been observed by T. Mabuchi. 

A scalar (^ 0)-multiple of an Euler vector field will also be called an Euler vector 
field. Sometimes, when speaking of Euler vector fields, we have a certain standard¬ 
ization in mind (this will be clear from the context), so that an Euler vector field 
is (up to certain automorphisms) determined by its ’’center”, a discussion is con¬ 
ducted in chapter 3.. In the following (mainly) 2 standardizations for flag manifolds 
will be used, which differ by the factor —I. We will call both expressions, ^ Zi • ^ 
and Euler vector fields with center zero. Replacing an Euler vector 

field by a ( 7 ^ 0 )-multiple scalar only implies a reparametrization of the correspond¬ 
ing orbital curves and does not change the geometry of the system of orbital curves. 

We are performing calculations with Euler vector fields on T x C" C Y x C" = 
Y X P", therefore we will besides ^:X—)>X = Y x F also investigate /i : X —>■ 
x' = y X P”. 

Euler vector fields on these spaces E depend on E and on certain hypersurfaces (hy¬ 
perplanes, i.e. hypersurfaces generating H 2 n- 2 {F, Z) = Z) Hp of E with F\F[f = 
C”, here we use very often in such a situation an equality sign ”=” although 
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F\Hpheing biholomorphic to C" is meant. For F = P” all hyperplanes are possi¬ 
ble choices Hp- For F = P” such Euler vector fields are zero in all points oi Hp 
(with order one in all general points of Hp). In such a situation we call Hp also a 
(reduced) divisor of such an Euler vector field. 

Another simple example. In the case of smooth quadrics F = Q„ C P”+i with 
n > 3, possible choices for such Hp are the intersections Hp = Q„ n Tp of Q„ 
and the tangent hyperplanes Tp C P”+i to Q„ in points P G Q„. The projection 
fxp : F —>■ P" of F = Q„ C P”+i from P onto a P" can be described by: fip is 
bimeromorphic and is holomorphic in all points yf P, i.e. P is the only point of 
indeterminancy of /ip; ^p maps C" = Qn\(T'p H Q„) biholomorphically onto the 
complement of a hyperplane H C P", a C”, blows down Hp = Tp Ci Q„ to a 
smooth quadric Qn-i C H of dimension n — I and blows up P to a P"“i which we 
may identify with H , Q„-i is the indeterminancy set of . - Let x be a P”- 
Euler vector field with center G P"\iJ and vanishing (with order one) in all general 
points of H , i.e. H is a reduced divisor of x • We can restrict x to P”\iL , lift 
via HP this restriction to Qn\{Tp D Q„) and can extend this lifted restriction to 
a holomorphic vector field x on Q„; the corresponding computations use (besides 
Riemann’s extension theorem) that the graph of hf is a monoidal modification 
of P" with blowing up Qn-i and decisively that H is a (reduced) divisor of x ■ 
Because of this set up we can lift x to a holomorphic vector field on the graph of 
HP and then map this vector held onto a holomorphic vector held x on P = Q„, 
the wanted Euler vector held on Q„. 

Remark. In the following we will sometimes hx one possible suitable Hp as oo—hyperplane 
without pointing out this explicitely, we will speak just of (holomorphic) Euler 
vector helds x on P and will perform computations with one or several Euler 
vector helds all corresponding to the same Hp. The following properties of the 
hag manifold P with Picard number 1, of Hp and of x should be fulhlled: It 
is F\Hp — C”, the orbital curves of x in P exist and meet Hp in a hnite set of 
points or are contained in Hp. (A non trivial) Euler vector held Xg on (0) x P has 
just one zero in C".There are sections So,...,s„in the line bundle Dp dehned by 
Hp with Hp = (sg = 0) which dehne a bimeromorphic map hf '■ F ^ P”, such 
that F\Hp is mapped biholomorphically onto the complement of a P”-hyperplane. 

Let Zi = 1 ^, ..., Zn = ^ and let the zero point O = {zi = ...Zn = 0) of C" be the 
isolated zero of xf in C". Then x |C” has (up to a scalar multiple 0) the form 
J^Zi ■ - So when speaking of Euler vector helds on P one should have (at least 

in mind) a specihc possible Hp. 

d. The adjunction formula is applied. Above we introduced the attractor 
set S'* = (p(Gq) = ^(Gg). - Each general ^g-hber meets S* in dimension m — 1, 
therefore dimS* > m — 1; if dimS* = m — 1 all general hbers of Ag —^ Ag are 
of pure dimension m and all general /lo-hbers (and all general /rg-hbers) contain 
S*. We may want S* as small as possible; we cannot hope for an easy proof of 
dimS* = 0, i.e. m = 1. We have to be content with dimS* = m — 1. 

The case m = 1 bears no difficulties, the existence of minimal rational curves 
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of degree one in can be proved with the help of [21], lemma 1 resp. theorem 
1. One can finish the (dim S'* = 0) - case by showing that general /iq - fibers are 
lines (i.e. irreducible rational curves of degree one) in Xq] if = P" one can 
show dim S* = 0 following Hwang, and can consider the case F = P" to be dealt 
with. Suppose F ^ P". Consider the normal bundle of such a general /ig - fiber 
in Xq; as dimS* = 0, the adjunction formula implies ci{Xq) = n + 1, the wanted 
contradiction, as on the other hand ci{F) = ci(Xo) < n + 1. If Xq is kahler, one 
too can show dimS* = 0. For F ^ P" and not necessarily kahler we are left with 
a discussion of to > 2. 

The procedure giving 10.2 of [52] delivers, that over general points of Xq the graph 
Xq of 'fio ■ Xq —>■ Xq is a P™—bundle and that this allows to prove dim S* = to — 1, 
if Xq is smooth, one proves even more, namely that S* lies in the intersection of 
all /io-fibers; if Xq is not smooth, replace Xq by a canonical desingularization Xq*, 
which amounts in our case de facto to move from Xg to its normalization. 

Now we can apply again the adjunction formula and produce a contradictory state¬ 
ment in a similar fashion as in the case dimS”* = 0, if general /ig—fibers contain 
orbital curves, which are minimal rational curves (of degree one) in Xq, but this is 
the case. 

e. Further remarks on the rough pattern of proof. So summarizing, the 
basic pattern of the proof of theorem 1 can briefly be described thus: Let F be an 
n-dimensional flag manifold F with Picard number 1 which is ^ P” with n > 3, 
consequently ci{F) < n-l-1: Let t : X = (|t| < 1) be a deformation map with 
Xt = F ior t 0 and Xq ^ F. This leads to a bimeromorphic map : X —?> F x F 
which has the following properties: Let G be the graph of /J.For t ^ 0 the fiber G* 
of G —?> F describes a biholomorphic map Xt —>■ (t) x F. The fiber Gg C Xq x F de¬ 
composes into at least 2 different components, among them a component Xq which 
is a modification of Xq, a component Gg which is a modification of (0) x F, Xq 
^ Gg. Let S* be the image of Gg in Xq. The image Xq of Xq in Fg = (0) x F = F 
under the projection Fg —>■ F is a proper analytic subset of F. If n — to = dimFg , 
then a general fiber fib of Xq —)• Xq has dimension to; fib can also be considered 
as an analytic subset of Xq. Now one invokes holomorphic liftings x of suitable 
holomorphic Euler vector fields on F x F (these depend on F) to X and studies 
their orbital curves I through general points in fib; they are rational, smooth and 
stay in fib, and their images in Xq generate H 2 {F, Z) = Z. One examines the nor¬ 
mal bundle of I in Xq or in fib. Suppose to = 1, which is equivalent to dimS”* = 0, 
which means that S* is a point. The adjunction formula delivers ci{Xq) = n -|- 1; 
but ci{Xq) equals ci(F), therefore ci(Fg) = ci(F) = u -|- 1, a contradiction to 
ci(F) < n -I- 1. In the case of theorem I (where Xq is supposed to be kahler) the 
case TO > 1 can be dismissed immediately (see chapter 5 and 6). In the case of 
theorem 2 (the kahler assumption is dropped) this is not so and we have to discuss 
the possibility to > 1 more extensively. A procedure of [52] delivers, that any 
general jig-fiber fib is a P™. Considering the normal bundle of I in Xq again the 
adjunction formula delivers the contradictory statement ci(Ag) = ci(F) = n -f 1. 
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This is also (more or less) the underlying rough type of pattern of [5T], [52], [53], 
[25] (where the nondeformability of P” is proved) and of [24] (where the non de- 
formability of smooth quadrics Q„ of dimension n > 3 is proved). - Formally Sin 
and Hwang argue with certain maximal orbital varieties lying in /xo"fibers. The 
insight that these orbital varieties are (components of) whole /xo-hbers is useful. 

The approach towards theorem 1 above in the series [27], [26], [29], [30] looks 
different. 

Remark: For computational purposes it is useful to realize that (as mentioned 
above) in Xq general ^o-fibers and /xo-fibers coincide. - More precise: Over C" = 
F\Hf = (0) X F\Hf = (0) X P”\iJpn = (0) X C” the graphs of /xq and Xp* of 
Jlo are biholomorphic, /xo-fibers and )xo-fibers over points of (0) x C"are biholo- 
morphic and can naturally be identified. - The map /x has been introduced, because 
it is easier to perform computations with /x than with )x. 

f. More on the use of the assumption that Xq is kahler and how to 
bypass the kahlerness assumption. In the hypersurface case m = 1, i.e.the 
case dim S'* = 0 i.e the case S*= a point, (cum grano salis) it does not necessar¬ 
ily make such a big difference, whether we assume Xq to be kahler or not. We 
run into the hypersurface case if n = 3 - But there is a big difference in the case 
m > 2. If we do not assume Xq to be kahler, we first have to show, that general 
/Xq— fibers are P™’s; here a non trivial method of Siu is employed. This implies 
dim S* = TO — 1 > 1 and that every general /xo-hber fib = P*" contains S* as a 
hyperplane and that curves lying in S* represent positive multiples of the positive 
generating element of H 2 {Xo,Z) = Z. Consequently general /xg-fibers fib contain 
minimal rational curves of Xq, orbital curves of Euler vector fields on Xq] thus we 
can bypass the kahler assumption for Xq and are able to apply the adjunction 
formula in order to arrive at the wanted contradiction ci{F) = ci(Xo) = n -|- 1 for 
ci(F) < n -I- 1, compare chapter 8. 

Remark. We call the image S* = ^(Gg) = ^^(Gq) an attractor even if dim S'* > 0 
has to be reckoned with. In [24] attractors are by definition points, otherwise S* is 
called a limit set by Hwang. 

1.3. On the rigidity of P^. Naturally we could just cite [24], theorem 1. But it 
is useful to describe with more details some features of the proof, that P" for n = 3 
is (globally) nondeformable, as this can serve as an example of how to employ Euler 
vector fields. This special use of Euler vector fields goes back to Hwang and Siu. 
Let us sketch the type of geometric picture we encounter in this situation within 
our framework. We employ the set up above for F = P”, n = 3, and we study 
in this case the bimeromorphic map fj, : X ^ X = Y x P” with Xt = P” for 
t ^ 0, i.e. where is biholomorphic outside Xq. We denoted the graph of /x by G. 
Suppose that Xq is not biholomorphic to P", i.e. that the fiber of G over 0 € F is 
reducible. For the purpose of the introduction we may suppose that this fiber Gg 
decomposes into 2 different components Gg and Xq, where Gg is a modification 
of Xg and where Xg is a modification of Xg, where the ’’attractor” set S'*equals 
:/3 (Gq), where /x and /xg are indeterminate in each point of S'*. Let y be an Euler 
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vector field on X , such that the center on Xq is a general point € Xq ; x on X has 
a zero divisor (s = 0) of degree one, i.e. where s £ H^{X , 2? ). Here V is the line 
bundle on X = Y x P” dehned by the P"-hyperplanes; we may identify s with 
a homogeneous polynomial of degree one. Let s be the corresponding associated 
section £ H'^{X,'D). Let x be the holomorphic lifting of % to X and let x* be the 
holomorphic lifting of x to G, x* vanishes identically along Gg. (p*s vanishes along 
Gg with order one because byg is a line bundle valued holomorphic vector field on 

Xq which for geometric reasons must have a zero on general orbital curves 7 g ^ ' of 
byg. Because these orbital curves meet S* in points where they encounter other 
orbital curves of ^yg. These intersection points are zeros of ^yg. Have in mind: 

Because of n = 3 only the ’’hypersurface case” dimXg = n — 1(= 2) has to be 
discussed; S* is a point; (the components of) general fibers of p-o are rational or¬ 
bital curves 7 g^^^ of yg and iyg. yg is additive. 

Direct calculation (in chapter 5) of yg shows that besides (s = 0)|Xg the vec¬ 
tor field yg has still another divisorial zero (s = 0 ), here is the place where we 
really make use of the hypersurface situation, because of 62 (^ 0 ) = 1 we can ar¬ 
range matters such that (s = 0 ) meets 7 q^^^ fl S*, we even can arrange s = s|Xg; 
s|Xg is sometimes abbreviated by s. Let 7 g^^^ be a general orbital curve of yg on 
Xq as introduced above. 7 q meets S* in a point. One does not get rid of these 
other orbital curves through the point 7 g 0 S'* by constructing ^yg, which is 
holomorphic in the point 7 g ^ Ci S* and must have a zero here because of the other 
orbital curves of yg meeting the point 7 g^ ^ O S*. Have in mind that multiplication 
of holomorphic vector fields with a meromorophic function does not lead (outside 
a certain zero set whose points cannot be moved) to new orbital curves. But this 
implies that on the rational curve 7 g^ ^ the holomorphic vector field yg| 7 g' ' has 
in the point 7 g^ fl S* at least 3 zeros which cannot be as exactly 2 zeros occur. - 
This contradiction proves Xq — P" for n = 3. 

In order to prove the (global) nondeformability of P", n £ N arbitrary, one can do 
the following: Construct the holomorphic lifting y* to G of such a general Euler 
vector helds y on X = 1* x P”, where the center of yg is a (general) point on 
Xq . It is easy to show, that y* has a divisorial zero <f*{s = 0) with s £ H'^{X, V). 
Show that S* is a point ([24]) and the proof indicated above can be applied. - In 
retrospect this proof can roughly be described thus: Let t : X ^ Y he a deforma¬ 
tion map with Xt = P^ for t ^ 0 and Xq ^ P^. Replacing possibly H by a smaller 
neighborhood of 0 £ H we construct a certain bimeromorphic map [i \ X ^Y x P^, 
fiberwise biholomorphic outside Xq, such that /r[Xg] is a hypersurface in (0) x P^. 
By ’’holomorphic liftings” of Euler vector fields on F x P^ we can produce holo¬ 
morphic vector fields on Xq with divisorial zeros, implying immediately Xq = P^. 

This procedure can be adapted to deformations of the smooth quadric Q 3 roughly 
like this: Let t : X ^ Y he a deformation map with Xt = Q 3 for t 7 ^ 0 and 
^0 7 ^ Qs- Replacing possibly F by a smaller neighborhood of 0 £ F we construct 
a certain bimeromorphic map : X ^ Y x P^, fiberwise bimeromorphic outside 
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Xo, such that /i[Xo] is a hypersurface in (0) x P^. Besides fi we consider a bimero- 
morphic map Jl : X ^ Y x Q 3 C Y x P'^, hberwise biholomorphic outside Xq, 
such that ^[Xo] is a hypersurface in (0) x Qa.One gets /i from 11 by projecting Q 3 
from one point onto P^ By ’’holomorphic liftings” of Euler vector fields on E x Q 3 
(with center on Xq = a general point of Xq = 11[Xq\ ) to Xg, we can produce via 
/I holomorphic vector helds on Xq with divisorial zeros, as is a hypersurface 

in (0) X P^, implying according to Hwang [24] Xq = P^, the wanted contradiction. 

1.4. Some conventions and notations used throughout this paper. Ele¬ 
mentary or generally well known facts on degeneration sets of holomorphic maps 
(in the sense of Remmert) and Remmert’s mapping theorem and related facts, on 
meromorphic maps, openness of flat maps, on normalizations, on the fiber con¬ 
nectedness of bimeromorphic holomorphic maps etc. are generally used without 
comment. In this paper strict and proper transform mean the same; sometimes 
we use in this context the expression proper inverse image. As the symbols and 
notations (not the notions) which are used in the context of meromorphic maps 
differ sometimes from author to author (a little bit), let us add some remarks in 
this respect, in order to avoid misunderstandings). By a meromorphic map pi of 
a (reduced) complex space Z\ into a (reduced) complex space Z 2 we understand a 
meromorphic map in the sense of Remmert, i.e. a map pi of Z\ into the power set 
of ^ 2 , such that its graph Gi C x Z^ is a (reduced) analytic subspace of Z\ x Z^ 
such that the projection Gi —>■ .Zi is a proper modihcation map. Concerning the 
corresponding notations we follow for instance [55] and/or Math.Ann. 139, p. 217ff. 
It is convenient to write p\ \ Z\ ^ Z^-, although p\ is a certain map of Z\ into the 
power set of Z^. Related convenient notations: If q\ \ Z\ ^ Z^, Q 2 '■ Z 2 ^ Z 3 are 
meromorphic maps of reduced spaces and if for any general point Pi G Z\ of holo- 
morphy for p\ the meromorphic map Q 2 is holomorphic in the point P 2 = Pi(Pi), 
there exists a unique meromorphic map gi 3 : Zi —>■ Z 3 with gsiPi) = g 2 {pi{Pi)) for 
general Pi G Zi. This so called ’’composition of gi and ^ 2 ” is named sometimes 
P 2 A pi; we prefer the notation £<2 offi, which cannot be misunderstood; all this may 
be looked at as an abuse of language - Let Gi C Zi x Z 2 be the graph of pi with 
the projection tti : Gi Zi; if no component of the reduced analytic subspace 
A (Z Zi lies in the indeterminancy set of pi, then by pi\A we mean the meromor¬ 
phic map A^ Z 2 with the graph 7 rj"^[A]; pi(P) and (pi|A)(P) coincide generally 
only for general points P € A; we call pi\A the restriction of pi to A or the by pi 
induced meromorphic map; if A is irreducible, 7 rj“^[A] is the unique component of 
7 r/^(A) which is a modification of A. For instance in the above the meromorphic 
map po : Aq Ag C X induced by p. is the meromorphic map with the graph 
Aq. This again may be looked upon as an abuse of language; if we understand gi 
as a map of Zi into the powerset of Z 2 , then the meromorphic map pi\A in our 
sense is not the restriction of gi to A in the set theoretical sense. These brackets 
(..a...), (a) can indicate a point with coordinates ...,a,.., a set of elements a, a list 
of elements a, a zero set (/ = 0 ). 

We will sometimes give proofs in special cases if these are general enough such 
that the handling of these special cases makes clear how to deal with the general 
case; so it can happen, that we only discuss to = I, 2,3 or m = 1, 2, if the proof of 
the general case can be read from the pattern of proof of these special cases. 
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Without mentioning it and without changing notations we will sometimes replace G 
and other spaces (if feasible and allowable) by their normalizations. - For instance 
one must be aware, that it only makes sense to speak of a vanishing order of a holo- 
morphic function along an irreducible hypersurface (say t on G along a component 
of C?o), if the complex space in question (say G) is normal (at least in general points 
of the hypersurface), otherwise we have to replace G by its normalization. 

From the context it will become clear, whether during a proof we are working 
with vector fields over R or C,i.e. whether we are dealing with a real form of a 
complex Lie algebra; this applies for instance when we are dealing with the Cartan- 
Killing form ( , ), need symmetry, work over the reals or with a real basis without 
mentioning this explicitly. 

If nothing else is explicitely agreed upon, we use in the sequel the following no¬ 
tations: Y is the unit disc |t| < 1, F" is mostly an n— dimensional, irreducible, 
hermitian, symmetric complex manifold of compact type, resp. more general, an 
n—dimensional flag manifold with 62 = 1 , if F’ means a special flag manifold or 
something different, it will be stated and will be clear from the context, t : X ^ Y 
is a deformation map with Xt = F ior t 0. Holomorphic vector fields x on y x F 
are called Euler vector fields, if the restrictions Xt (exist and) are Euler vector fields 
on (t) X F = F. 

If E is a compact complex manifold with iF 2 (E, Z) = Z, any irreducible, ratio¬ 
nal curve generating Fl^^F, Z) will be called a minimal rational curve (or a curve of 
degree one or a line) in F. The spaces F we encounter in this paper (flag manifolds 
with 62 = 1, del Pezzo manifolds of dimension > 3 and degree 5) can be embedded 
into projective spaces P” via sections in the positive generating line bundle, such 
that the lines on F are exactly those curves on F, which are lines of the surrounding 
projective spaces P". 

As already mentioned in this paper we often tacitly assume general fibers of Ag —> 
Aq , Ag —>• Ag, i.e. general ^g-fibers to be irreducibel, for reasons of simpler no¬ 
tations. Sections s in line bundles will often be identified with local functions. By 
(s = 0) we mean in general the reduced zero set. - F{z) 7 ^ a can mean, that F{z) 
does not have in the point z the value a; it can also mean, depending on the context, 
that F{z) is not the constant function with value a,; similarly the equality sign = 
has to be interpreted. 

It is convenient to use the notion of a general point, line etc.. The meaning of 
’’general”or ’’generic” should emerge from the context, mostly it means ’’belonging 
to a certain non empty Zariski open subset”, i.e. certain proper analytic subsets, for 
instance singular points, could be excluded (without specifying them explicitely), 
or for instance ’’belonging to a certain open, dense subset” or even ’’belonging to 
the complement of a union of a certain sequence of proper analytic subsets” with¬ 
out specifying these subsets explicitely or belonging to the intersection of countably 
many open and dense sets of the space in question; in the last two cases one speaks 
also of very general points.- Quite a lot of symbols are introduced in the course 
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of this paper. In order to reduce the leafing through the pages, searching certain 
definitions, some notations are defined more than once. 

When handling vector fields it will (hopefully) be clear from the context, whether 
we are working over the reals, i.e. are dealing with real forms or not., 

A reference to (subsection) i.j, resp. i.j.k,... means a reference to chapter i, subsec¬ 
tion j (of i), resp. to chapter i, subsection j (of i), subsection k (of j),.... 

2. Some tools and prerequisites. 

2 .1. A result of litaka, some consequences, a. litaka’s theorem ([SB], theo¬ 
rem 8.1). For any line bundle T-Lp of a complex space F let I{Hf) ■= dim 
Suppose F to be irreducible, reduced, compact,to be a line bundle on F with 
1{F>f) > 0. Denote hy f* : F* ^ F the normalization map and Im ■= 
for m G N. Any base Sq, of A^ := H^{F*,m ■ v*'Df) defines a mero- 

morphic map : F which maps any general point P € F to 

^Am(-P) = (soiF*P) : ... : * P)). >c. := x{F,Vf) ■= max„(dim(i^)) 

is called the Hf— line bundle dimension. litaka proved: 

There are 0 < a < P with /3 • > Im ^ o: ■ ( [56|, theorem 8.1). 

We say Im is growing in m like a polynomial of degree >c. 

b. A consequence of a. Let X be an irreducible, reduced complex space, let 
T : X ^ Y = (|t| < 1) be a proper, surjective, holomorphic map with irreducible, 
reduced fibers of the same dimension n. Let H be a line bundle on X with 1(1)) > 1. 
Subsection 2.1.a above, Grauert’s semicontinuity theorem [15], p. 210 imply (com¬ 
pare also [SI], p. 273) 

There are a k G N U (0) and a countable set of points in Y such that for the 
complement W of this set the following holds For all t gW we have x{Xt, V) = k 
and for all t ^ W there is >c{Xt,'Dt) > k] for all ti,t 2 G W and all m G N the 
identity l{m ■ Vti) = li^n ■ Pt^) holds. If k = n, then all fibers of t are moishezon. 

c. Xq is moishezon. Now let r : A —>■ F be a deformation map, i.e. let X 
be a complex manifold, let r be a proper, regular, surjective, holomorphic map; 
especially all fibers are smooth, compact manifolds. Assume that for t 0 the an- 
ticanonical bundle —ICt of the fiber Xt has line bundle dimension n. The previous 
subsection 2.1.a. and Grauert’s semicontinuity theorem [18] , p. 210 imply: 

The central fiber Xq is moishezon. 

d. An extension of b. Let us mention that there are stronger forms of sub¬ 
section 2.1.b above. 

a Let us continue to use the notations and assumptions of the preceding subsection 
b. For every m G N there are Sq,...,Sn G H^{X,rh ■ V), such that the images 
r(o)So,..., T(o)SAr generate the image sheaf T(^o){fh ■ V) over Y. Let fi : X ^ Y x 
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be the meromorphic map defined by P —(r(P); so(P) : : sn{P)) for a general 

P G X. For sufficiently large m the proper transform J1 [Xt] is of dimension k for 
dl\t gY outside a proper analytic subset of Y. Subsection a above does not imply 
dim^ [Xt] > k for large m.—We can prove in this respect: 

Let to G Y and suppose the fiber Wo io be moishezon. Then the proper trans¬ 
form Jl [Xtg] is of dimension k for sufficiently large fh. 

~ ( 0 ) 

Proof: Let X : X — ^ Wo bo ^ holomorphic, bimeromorphic map with a smooth, 

~( 0 ) ~( 0 ) ^( 0 ) _ 
projective X . Let C be a very ample line bundle on X , V :=X*T>toi ^fh '■= 

-( 0 ) ^( 0 ) ^ ^( 0 ) 

H^{X,m ■ V), Am ■= image{Am^H^{X ,m-T> )), 7 := ci(C)”, t = ci(P )o 

(ci(C))"~^/ci(C)", i = dim/I [Wo] ■ The proof of lemma 2.1 on p. 515 of [IS] gives 

i + 7 • t • m® > dim Am- But as the dimension of A,^ grows at least like a ■ mf with 
a > 0 we must have i = k for large fh. This finishes the proof. 

The special k = n case is also a consequence of Hironaka’s Chow lemma f[23jl. 

j3.A related result is: Let us weaken in a the assumption, that the r(o)So, ■■•,po)SAf 
generate the image sheaf ■ X>) over Y. Let A^ be the maximal subspace 

of H°{X,fh ■ V) generated over a Zariski open subset of Y by the Sq,...,^n S 
H^{X, fh -V). Suppose dim /I [W] = k all large fh and all general t to, where k 
is independent of fh, and that the dimensions of the Am grow at least like a ■ fh^ 
with a > 0 independent of fh. The proof in a delivers for large fh: 

If Xtg is moishezon, then ^[Wq] has dimension k. 


2.2. On line bundles on X. a. On line bundles and corresponding coho¬ 
mology groups on X. Deformation maps are locally differentiably trivial ( [40] . 
p. 67). In the following we always assume that the deformation maps X ^ Y we 
consider are differentiably trivial, i. e. that there is a diffeomorphism X ^ Y x Xq 
with r being the composition of this diffeomorphism and the projection Y xXq —> Y. 

Let T : X ^ Y be a deformation map with all fibers Xt being moishezon and with 
H^iXt,Z) = Z, H\Xt,Z) = 0. Then H^{X,Z) = H\Xo,Z) = Z, H^[X,Z) = 
H\Xo,Z) = 0, H\Xo,Oxo) = H\X,Ox) = H^iXo,Oxg) = H‘^{X,Ox) = 0; 
the Chern map ci : H^{X, O’^) —>■ H^{X, Z) = Z is an isomorphism. 

Proof: T being differentiably trivial, Xt and X have the same Z—cohomology 
groups. As W is moishezon, we have the Hodge decomposition C=H^{F,C) = 
i/i-i ©iLO-2 ©iL2.o^ 0 = H^[F,C) = iLi’0©Lr0d ,;vith dimi/O-^ = dimiL^.o Qur 
assertions follow from well known results to be found in , [T5] . This finishes the 
proof. 

Although not really needed, let us remark, that for all moishezon manifolds F 
of dimension > 2 the equality H^{F, Z) = Z implies F[^{F, Z) =0 ( if one replaces 
Z by C, one gets a theorem due to Remmert and van de Ven; have in mind, that 
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{F, Z) has no torsion). 

Remark. As because of H^{X,Ox) = H'^{X,7i) the sequence 0 —>■ H^{X,Ox) 
H^{X,M*x) —t H°{X, Mx/Ox) H^{X,Ox) = H^{X,Z) is exact, any element 
of {X, M*x/0*x), the image of which in Z) is zero, is represented by a 

meromorphic function on X. 

Suppose additionally that all fibers At, t ^ 0, have positive Chern class c{—ICt) > 0. 
Then there exists exactly one line bundle (the so called positive generating line bun¬ 
dle) T) G H{X,Ox) = Z, such that the analytic restriction 'Dt of T) to At for all 
t 0 is the positive generating line bundle. Suppose that for all t 0 the dimension 
of H^{Xt,'Dt) is independent of t. Then the restriction H^{X,‘D) —^ H^{Xt^T>t) 
is surjective for all t ^ 0 . 

Proof: Let dim7J*^(At, X>t) be constant for t 0. Because of Grauert’s image sheaf 
theorem and the Nakayama lemma there are so,...,sn S H^{X,'D), such that for 
t 7 ^ 0 the analytic restrictions sq I Xt, ...,Sn \ At form a base of H^{Xt, T>t) and are 
linearly independent for t = 0 ; because a holomorphic vectorbundle over a poly¬ 
cylinder is holomorphically trivial. If we do not want to apply this result on vector 
bundles, we get trivially this surjectivity statement for all t 7 ^ 0 of a sufficiently 
small neighbourhood of 0 S F. This will be sufficient for all later purposes. This 
finishes the proof. 

b. On the irreducibility of certain divisors. Let F be a moishezon mani¬ 
fold with F[^{F,Z) = Z, F[^{F,Z) = 0, let T>p be a line bundle on A, such that 
Ci{'Dp) generates Z). Let D be the zeroset of a nontrivial s G FI^{F,'Dp). 

Then D is irreducible and s vanishes along D with order 1. 

Proof: We have ci{D) = 1. Suppose D = pi ■ Di + p 2 ■ D 2 with pi > 0,p2 > 0 
and effective, irreducible divisors Z3i,I?2 and ci(ZIi) > 0, ci(Z? 2 ) < 0. There are 
integers Ai > 0, A 2 > 0 with ci(Ai ■ -I- A 2 • D 2 ) — 0. F being moishezon, the 

sequence H^{F,M*p) -G {F, M*p / Of) H^{F,0*p) = H^{F,Z) ^ 0 is ex¬ 
act. ([56], p. 32). Have in mind that F[^{F,Op) — 0 . Therefore the Chern map 
F[^{F, Of) H'^{F, Z) is injective. Because of H'^{F^ Z) = Z and F being moishe¬ 
zon the Chern map has to be surjective. Consequently there exists a nonconstant 
meromorphic function / with (/) = Ai • Hi -I- A 2 ■ D 2 - As / has no poles / has to be 
constant. Contradiction. Thus D is irreducible and s vanishes with order 1 along 
D. The general case is handled similarly. Actually we proved: The Chern class of 
every effective divisor is positive. This finishes the proof. 

Let us recall that F moishezon, H^{F, Z) =0, L[^{F, Z) = Z imply an isomorphism 
iL^(F,(!Ip) = H'^{F, Z) — Z. In this case there is exactly one generating line bundle 
Vp G H^{F,Of) with positive line bundle dimension >c{'Dp,F) > 0, called the 
positive generating line bundle.- By extending “Dp trivially to A =YxF one gets 
the positive generating line bundle V G H^{X , OL,) of A . 

2.3. A case where surjectivity resp. bimeromorphy implies biholomor- 

phy. Let t : X —)■ Y he a deformation map, F a compact complex manifold, 
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TT : Y X F ^ Y the projection, 'll : X ^ Y x F a bimeromorphic map with 
T = TT o /r, i. e. with C (t) x F for all t € Y, S the set of indeterminancy 

of As S is at least of codimension 2 in A and as the fibers of r are of codi¬ 
mension 1, Xq cannot lie in S. Therefore the closure of \ P € Xq \ S) 

in Aq X (0) X F = Aq X F is a proper modification of Aq and the graph of a 
meromorphic map Aq —)• F, denoted by (abuse of language) | Aq and called the 
restriction of /i to Aq. We may characterize 'flo := p, \ Aq as the meromorphic map 
Aq ^ F, defined by /ro(F) = /2(F) for a general P G Aq. But have in mind that 
only for F G Aq \ S' we are sure of ^o(F) = /2(F), for F G S fl Aq we only as¬ 
sert /2o(F) C /2(F). The proper transform /2 [Aq] equals /2o(Ao\S).For some more 
remarks on the definition of /2o see chap. 1. 

Assume S C Aq and that /2 maps X \ Aq biholomorphically onto (Y \ (0)) x F. If 
/2 [Aq] = (0) X F, then /2 maps X biholomoirphically onto Y x F. 

Proof: The assumptions imply that /2o maps Xq bimeromorphically onto (0) x F = 
F. The zero set of the Jacobian of /i | A \ S is empty or of pure codimension 1. 
As /2o is bimeromorphic, this zero set is empty and /2 is locally biholomorphic on 
X \ S. The assumptions imply that /2 maps A \ S biholomorphically onto its im¬ 
age. Consequently ^ can be lifted to a holomorphic vector field on A \ S' (the 
use of ^ is important) and can be extended to a holomorphic vector field without 
zeroes on A, because of Riemann’s removable singularity theorem. Therefore r is 
holomorphically trivial and /2 maps A biholomorphically onto Y x F; construct the 
orbital curves of ^ starting in the points of (0) x F = F, this amounts to solve 
systems of differential equations similar to the type discussed in [40], p. 63, 65; 
one has only to take into consideration, that in our case there is no need (and no 
possibility) to work with partitions of unity as in the proof of [40], p. 64, theorem 
2.4. Thus we get a biholomorphic map A —>■ A x F. This finishes the proof. A 
variant of this proof is: As If /2 [Aq] = (0) x F the by /2 induced meromorphic map 
/2o : Aq —>■ (0) X F = F is bimeromorphic and the projections G ^ X, G ^ Y x F 
of the graph G are biholomorphic according to a well known theorem on the purity 
of the branch and the degeneration locus, as the set of points where these projec¬ 
tions are not locally biholomorphic are not of codimension one 1|36|. compare also 
[ 33 ])- q.e.d. 

2.4. Some further remarks, a. On constructing a set of sections which 
are linearly independent along the central fiber.In chapter 4 we will employ 
the following procedure: Let r : A —>■ A = {|t| < 1} be a deformation map, F be a 
line bundle on A, so,...,s„ sections in F, the restrictions of which to At are linearly 
independent for t ^ 0. Suppose that sq, ...,Sn are linearly dependent along Ag, i.e. 
that we have a relation of the type ag • sg + «!• si + •■• + «»• = F • s ,with s \ Ag 

not = 0, cr > 0, where oi,..., a„ are holomorphic functions on A, not all of value 0 
in the point t = 0. Outside t = 0, s is a linear combination of sg,..., Sn- Consider 
the subsheaf generated over Oy by r(g)Sg,..., T(g)S„ and all T(g)S of this type. As 
T(o)F is coherent, this subsheaf is coherent and free over Oy; we may therefore 
replace sg,..., s„ by n -I- 1 sections in F , the images of which in T(g)F generate this 
subsheaf and are already independent along Ag; compare m- 
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We can therefore choose already sq, Sn as sections which are linearly independent 
along Xq. 

The same procedure applies, if we are dealing with sets of elements G r(X, d-V), 
which are linearly independent along the Xt for t ^ 0 .. 

b. On vector fields of complex spaces.Let us recall some results of [33], [34] . 
see [Tj. The set of singular points of a (reduced) complex space R is denoted by 
N {R). The chain R =: Nq (i?) D Ni D N2 D ... D Ni+i (i?) := N {N, (R)) D ... is 
finite; let Jo = 0 C Ji C J 2 C ... C Ji+i C ... be the corresponding chain of ideal 
sheaves. A holomorphic vector field y on i? is a continuous sheaf homomorphism 
Or -g- Or satisfying the product rule X (/ • ff) = / • X (j) + 3 ' X (/) ■ On manifold 
coordinate neighborhoods U (zi,..., Zn) C R we can write x= X) ^n) • 

Let oj = oj {R) be the Lie algebra of holomorphic vector fields on R. We say x G is 
respecting the chain of ideal sheaves above if x (Ji) C Ji for all i. u (R) := (x G ^^1 X 
is respecting the chain of ideal sheaves above) is a lie subalgebra of uj. 

Now let Q C Cxi? be open with (0) x i? C Q. A holomorphic map <i> : Q —>■ i? 
is called a local group of local transformations of R, if $ (0, P) = P for all P € i? 
and 4) (w, $ (w', P)) = $ (w + uj', P) if all arguments lie in Q. Any local group $ 
of local transformations on R induces on P a holomorphic vector field X 4 > S v (P). 
One identifies two such vector fields if they agree in a neighborhood of {0} x P as 
maps. Each holomorphic vector field xGi^ (P) is induced by exactly one local group 
of local transformations. From this Siu infers on [^, p. 262. 

Let C be a complex curve C U = U {0) C C” with 0 as the only singular point 
and with p : C ^ C as normalization map, let p (Pq) = 0. Let T be a holomorphic 
vector field on U tangential to C in all nonsingular points of C. Then there is 
exactly one holomomorphic vector field T on C with (dp) T (P) = T {p (P)) for all 
P G C. Especially Pq is a zero of T. 

We will apply this theorem (possibly without mentioning it explicitely) in the se¬ 
quel in the following situation: We have a family of curves 7 * C A over Y together 
with a holomorphic vector field x*l 7 *j we can lift this vector field to a holomorphic 
vector field on the normalization of 7 *. Therefore we may in later chapters without 
loss of generality suppose sometimes 7 * to be normal. - Similarly one can see, that 
holomorphic vector fields on (reduced) irreducible complex spaces G can be lifted 
to holomorphic vector fields on the normalization of G. 

Let P” be the complex projective space with the homogeneous coordinates Sq, ..., s'^, 
let H be the infinite hyperplane Sg = 0, provide C" = P"\J? with the inhomoge¬ 
neous coordinates zi = ^,...,Zn = %■. The Euler vector field x = X ■■■j ^n) = 
zi ■ ^ + ... + Zn ■ is extendible to a holomorphic vector field on P”; this 
extended vector field vanishes along iJ'with order one and is (in generell points) 
along H'oi the form — j/g ■ where H is given by j/g = 0. The integral curves of x 

resp. their closures (i.e. the orbital curves of x) in P" are complex lines I through 
0 G C" = P"\J?. Let i : I ^ P" be the injection. There is exactly one holomorphic 
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vector field xi on I with i* {xi (P)) = X (P) for all P G 1. Instead of xi we too write 
X 1^. xl ^ fis-s exactly two zeroes, namly in 0 S C" and in ^ n i/. Denote by J)' the 
positive generating line bundle of P". x := (sq)” X is a 2)'“^— valued holomorphic 
vector held on P". Analogously to xl^ we may dehne x |^- x| I has exactly one zero, 
namely 0 € C". 


2.5. The adjunction formula, a. Let F be an n—dimensional Fano manifold 
with 62 = 1 and with ci(F) > n. Then F is one of the following: If ci{F) > n + 1, 
then ci(F) = n + 1 and F = P”. If Ci(F) = n > 3, then F is the smooth quadric 
Q„.— See [49], p. 52. - This theorem is due to Kobayashi and Ochiai. Further 
information on these spaces F can be found in chapter 3. 

/3. Let F be a (compact) moishezon manifold of dimension n with 62 = 1- C C F 

— n— 1 

be a smooth rational curve of degree dc in F. Suppose = © 0{x^) with all 

n—1 n—1 

ri > 1. The adjunction formula ICc = K^p\C ® /\ implies ci( /\ = 

ThZi ci{0{ri)) = n = ci(/Cc)- ci{K.p\C) = -2 - di • ci(/C^). 

Suppose for instance ri = ... = Tn-i > 1 and d/ = 1, then we have the equality —ci {ICp) 
Ci(F) = n + 1, as is the case for F =(deformation of) P"; the case Ci(F) < n is 
not possible. 


3. Euler vector fields on flag manifolds with 62 = 1 and on some related 

spaces. 

3.1. Generalities on flag manifolds F with 62 = 1.Euler vector fields on 
n-dimensional flag manifolds F with Picard number one and their de¬ 
scription on Bruhat n-cells B identified with C" 

. a. The topic of this chapter. Let F be an n-dimensonal flag manifold (i.e. 
a rational, homogeneous, compact, complex manifold) with 62 = 1 ) let Dp be the 
positive generating line bundle on F, also called the hyperplane bundle on F. We 
need that there are hyperplanes F[p in F (i.e. zero sets of a sections in Vp) with 
complements F\F[p which are mapped by sections in the line bundle Vp biholo- 
morphically onto the complement C" of a hyperplane H in P"; we also collect 
some generalities on Euler vector fields living on flag manifolds with 62 = 1 This is 
the main theme of this chapter 3. I suppose that there is nothing new in this chap¬ 
ter,but I do not always know a suitable reference for the assertions of this chapter. 

F[ , Hp are supposed to be fixed with the properties above, if nothing else is agreed 
upon. A holomorphic vector field on the complex projective space P" is called 
an Euler vector field (with center O = (0.,,, .0) G C") if in the inhomogeneous 
C"-coordinates zi, ...,Zn it can be described by 


It has an isolated zero in the origin Zi = ... = Zn = 0, the ’’center”; the infin¬ 
ity hyperplane H of P" is a divisorial zero of degree one. Multiplication with 
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a complex number ^ 0 delivers a complex vector field with the same orbital 
curves. Here we suppose that P” carries the homogeneous coordinates po,...,pn 
with Zi = Let a = (ai,...,an) € C”, introduce the homogeneous 

coordinates pg = po, p^ = pi — Ui ■ po, i = 1, ■■■, n, and the inhomogeneous coordi¬ 
nates z^ = ^-. For the Euler vector field on C" with ’’center” o = (ai,a„) we get 
Po 




i=l 


ai) 


d 

d{zi - a*) 


i=l 



The infinity hyperplane H = (pg =0) is a divisorial zero of degree one of the 
into P” extended vector field, in points pi 7^ 0 of the infinity hyperplane this Euler 
vector field on P" is of the form —wg ■ , where the coordinates are wg = ^, 


W2 = 

^ Pi ‘ 


We will see that there exists a hypersurface Hp 'm F, a hyperplane H in P" and a 
bimeromorphic map pp ■ F ^ P" with the following properties: pp maps F\F[p 
biholomorphically onto C" = P"’\iJ ; any Euler vector field on C” (as described 
above, naturally with center a € C") can be extended holomorphically to a holo- 
morphic vector field on F ; this vector field is called (in this paper) an Euler vector 
field on F with center a; it depends an F and a, see also the subsection l.l.c. - 
Before proceeding let us look at some easy examples and discuss some generalities. 


b. Explicit Euler vector field computations for grassmannians. In special 
cases the existence of holomorphic Euler vector fields on flag manifolds F can be 
shown by simple computation, as is the case for F = a smooth quadric of dimen¬ 
sion > 3 ( [24]), 01 F = a grassmannian G{m,r), the space of all m—dimensional 
subvector spaces of C”. In order to have a concrete example, which is general 
enough, let us take a look ai F = G(3,5) : 

The Pliicker coordinates pg : .... : p^ with N = (^^ — 1 = 9 describe sections 
in the iL^(E, Z) = Z generating line bundle Dp of F (being very ample). These 
sections form a basis of T{F,Vp) and give an embedding F ^ P^. 


Let V be the affine subspace of F, the points of which are the subvector spaces of C®, 
which are generated by the rows of the following matrix; here (u, v, w, x, y, z) G C®: 


/ 1 

0 

0 

u 

V 

\ 






0 

1 

0 

w 

X 

• 






V 0 

0 

1 

y 

z 

/ 







1 

0 

0 


0 

0 

u 


1 

0 

u 

The Pliicker coordinates of V are 

0 

1 

0 


1 

0 

w 


0 

0 

w 


0 

0 

1 


0 

1 

y 


0 

1 

y 


0 u V 

0 w X = 1 : M : ... . 

I y z 

V is analytically isomorphic to C®, F\V 


is the irreducible hypersurface {po = 0). 
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Similarly, another open affine subset W of F is generated by the rows of the matrix 


/ 1 0 Ml 

0 1 Mil 

V 0 0 yi 


0 Ml \ 

0 Xi 

1 Zi J 


with (ui,vi,wi,xi,yi,zi) S C®;in Vbnl/ we have ui = -^,vi = v-u-^,wi = -f, 
xi = X — w ■ yi = ^,Zi — ^.WnV is characterized hy y ^ 0, yi ^ 0. - One gets 
these equations, if one tranforms the last matrix by row operations into the form 
of the first matrix. 


One gets the form of the second matrix just by interchanging two special columns 
of the first matrix, namely (0,0,1)^™"®°"^ and (mi, rci, 

Identify V with P®\hyperplane. The corresponding bimeromorphic map z/ : IT —>■ 
P® is given by 


(mi : Vi : Wi : Xi : yi : Zi : 1) (u : v : w : x : y : z : 1) = 
((-Ml) : (viyi - uizi) : (-Wi) : (xiyi - WiZi) : 1 : Zi : yi). 


Let X in be the Euler vectorfield 

d d d 

u-^ + 

ou av aw 




In IT n T the vector held x can be expressed as 


Ml 


d 

dvi 


Xi 


d 

dxi 


yi 


dyi' 


' dz 


Thus because of Riemann’s removable singularity theorem x is extendible to a 
holomorphic vectorheld on F. Let us mention that one can deal with arbitrary 
Grassmannians G(ri, m) in the same way by interchanging 2 special columns. From 
the above one can read the proof that such x’s can be extended to holomorphic 
vector helds on Grassmannians, thus securing the existence of Euler vector helds 
on Grassmannians. 


X is an Euler vector held on F = G(2, 5) with Hp =zero divisor of yi and F\Hf = 
V = C® -x is not an Euler vector held on F with FIp = zero divisor of y and 
F\Hf = W = C®, therefore one should not be too surprised that the signs of mi, 
xi,yi in Mi^ + a;i^ - 2 / 1 ^ above differ. 

c. Generalities on flag manifolds (with 62 = 1). The best known flag mani¬ 
folds F with 62 = 1 are the complex projective space P", the smooth quadric Qn 
of dimension m > 3, the grassmannian G{p,q), i.e. the space of all p-dimensional 
subvector spaces of G^. - Flag manifolds F are locally rigid ([!])• These spaces 
F satisfy H^{F,Of) = H‘^{F,Of) = 0. The positive generating line bundle Vp 
of H^{F,0*p) = F^(F, Z) = Z (we suppose 62 = 1) is very ample. Especially the 
anticanonical line bundle —ICp is very ample. 

We refer first to [4], p. 193-196, and [14]; our main reference is [1]. - Let F 
be a rational, homogeneous, compact, complex manifold with 62 = I 7 Aut{F) the 
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group of biholomorphic maps F ^ F, Auto{F) the identity component of Aut{F), 
r = dime Auto{F). Take an arbitrary P G F, let fp be the subgroup of the isotropy 
group of P lying in Auto{F). F is analytically isomorphic to Auto{F)/^i. Auto{F) 
is semisimple. Let g be the Lie algebra of (left invariant) holomorphic vector fields 
on © :=Auto{F). As g is semisimple, even simple, the map g -^ad g with x ^ ad x 
is a Lie algebra isomorphism. We may identify © =AutQ{F) and Int{<8), and both 
are isomorphic to the group Ad{g) of inner automorphisms of the Lie algebra 5 ([1], 
p. 75 and [12], p. 126), the latter (also called the adjoint group of g) can be de¬ 
scribed as the analytic subgroup of Gl{g) with Lie algebra ad g or as the subgroup 
of Gl{g) generated by exp ad g; we can identify these spaces (as in [M], p. 814); 
this allows to describe exp : ad g —?>©, especially exp : ad Ai—!•© and log : explad 
Ni) Ni C ad g via exponential matrices as in [14], p. 816, also ex-p{adhi). 

Remark. m thus gets an embedding of A in a grassmannian G(r, n) with r = dim g 
and n = dim A. One cannot expect that the restriction of the positive generating 
line bundle of G(r, n) to the embedded F is the positive generating line bundle 
on F. - The exponential map exp depends on ©, exp = expg. There may exist 
unbranched covering spaces © of © with a corresponding Lie group homomorphism 
©—>©,© 7 ^: © ; the Lie algebras of © and © coincide. For local computations it 
does not matter whether we work with expg : 5 —> © or with expg. In general we 
will just write exp without specifying © resp. ©. 

There is a subgroup 91i of Auto(A), generated by ad(Ai), with the following prop¬ 
erties: Let Ni be the Lie algebra of Tti, dim Ai = n, i.e. Ai ss C". The exponential 
map ad(Ai) —91i and its inverse can locally be considered as biholomorphic poly¬ 
nomial maps, at least locally, take a look at one is dealing with nilpotent 
matrices. Let us identify F and Auto{F)/^, the corresponding map : flli —F, 
7 —>■ 'y{P), maps Til biholomorphically onto an open subset, a Bruhat cell of com¬ 
plex dimension n, of F. Flp := F\>^(91l) is necessarily a hypersurface in F, which 
generates iJ 2 .„_ 2 (F, Z) = Z. In the following we will often identify Ni and 91i 

(*) If Ni Bs G" is (suitably) identified with F"\iJ' bs G^,H' = a hyperplane, 
the composition of the exponential map Ni —Tti and k : Tti —>• F can be ex¬ 
tended to a bimeromorphic map F" —>■ F, such that the inverse bimeromorphic 
map pf : F —> F" is given by n1 elements so,...,Sn G H^{F,'Df), where Dp is 
the positive generating line bundle in H^{F,0*p) = Z. 

Let us first postpone further discussion of (*). 

We continue to suppose F to be a flag manifold of dimension n with 62 = 1. 
We denoted © = Auto(A), fp C © the isotropy group of a point P in F. We can 
identify F with the quotient ©/fp. g was introduced as the Lie algebra of (left in¬ 
variant) holomorphic vector fields on ©, let be /i a Cartan subalgebra with a (real) 
basis hi,...,hi. Let a(l) > ... > a{n) > /3(1) > ... > (3{m) > 0 > —/3(m) > ... > 
—/3(1) > —a(n) > ... > —q;( 1 ) be an ordered root system with respect to h, ea{i), 
e_Q,(i), corresponding root (sub)spaces with [ 6^(7 , e_„(i)] G h etc., 

compare for instance [14] .We may assume that the Lie algebra p corresponding to 
‘P is generated by 6 ^ 3 ( 1 ), ...,ep(rn). hi ,..., hp e^p^rn), .■.,e_/ 3 (i), e_„(i),..., e_„(„), and 
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that is generated by 6 ^( 1 ), ea(n)- Here we have chosen eQ,(i), e_Q(i) such that 

for . [eQ;( 2)5 the relation ci(i)(/I q,^ 2 )) 1 -^- [^ 0 ( 1)5 ^iha( 2 )] 

holds; the same choices are fixed for the /3(j). For all h G h and all roots a we have 
[ h, Ba] = a{h) ■ Ba- For all roots a, /3 the term [cq., Bp] is a multiple of Ba+p, if a + /3 
is a root, otherwise [Ba,Bp\ is 0 . 

Take a set H of independent simple roots (these shall be positive) such 

that every positive root can be written in the form with nonnegative 

integer coefficients There exists a k,l < k < I, such that the roots /3(1),/3(m) 
are exactly those positive roots which can be written as linear combinations of the 
simple roots k ^ k. The roots Qf(l) a{n) can be written as a linear combi¬ 
nation of these simple roots with nonnegative integer coefficients, the coefficient of 
ttfe is always > 1 . 

The n-dimensional, irreducible, hermitian symmetric compact manifolds are those 
n-dimensional flag manifolds with &2 = 1 , where one can arrange matters such 
that above the coefficient of ak always equals 1, look up the lists in [22], chap. X 
and/or check [37], p.684 ff. In this paper we may take this as the definition of an 
irreducible, hermitian, symmetric compact complex manifold 


d. More generalities on flag manifolds with &2 = 1? construction and 
definition of Euler vector fields on these spaces. . 

Let (,) denote the Killing form on /i, which is nondegenerate, g being semisim¬ 
ple. See [I], § 4.6, and/or [ 22 ], esp. the table on p. 476, giving information on some 
highest roots a(l).This is in the hermitian, symmetric case, as already mentioned, 
of the form Ofe-I- a linear combination of the a„, n fc 


Let A be the root system of the Lie algebra g, we consider /ir := E R-/ia. 

agA 

(,)|^R X is a positive definite scalar product, each root is real-valued on /ir. 
For any P G let tp G /ir be defined by {tp,h) = I3{h) for all h G /iR..For 
any root a we have ta = (/t \ ) ^a- S h*, the fundamental weight cor¬ 

responding to afe, be defined by ujk{ha^) = 0 for >c k, iOk{ha^,) = 1. Let 
hi •= lieg in the center of the Lie algebra generated by 


All a{i){hi) = (afe-l-a linear combination of the ^ k){hi) coincide, one can 

show that = 0 for k ^ k. Because ai^{hi) = {ta^,hi) is for k ^ k a multi¬ 
ple of = ujk{haj = 0. Thus hi,6±aii) = ±ak(hi) ■ e±„(i) = ±e±„(i). 


hl-j e±a(i) 


±afe(/ii) • e±a(i) = ± e±a(z)for i 1 too, which gives (look at the 


transformation matrix defind by the linear map g ^ g, defined by x [hi,x\, 
which is a very special diagonal matrix, where the entries corresponding to the 
Ba(i) all coincide, and look at Bxp{adNi). ConsidBring only rshvant BntriBS, adNi 
consists in the hermitian symmetric case of diagonal (n -I-1) x (n -|- 1)— matrices, 
among the diagonal entries, are ths Ba(i), * = 1, n. It should be expected, that 
this simple set up could be handled by computation in order to define and construct 
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Euler vector fields. But there is a possibly simpler, even more general way, we will 
take.. 

Let F be an arbitrary flag manifold with 62 = 1, not necessarily of the hermit- 
ian, symmetric type. We work on C" resp. on Ni with the base ea{i), * = 1,..., n;. 
We do not change the geometry of orbital curves if we multiply all basis elements 
with the same (real) scalar 7 ^ 0. We can identify fTti = exp(a(iW) with a cell in F, 
where F\cell is a hypersurface Hp of degree 1 in F. The Euler vector field y on 
C" can be extended to a holomorphic vector field x on the naturally given closure 
P” of Ni =C” (shown by easy computation). We have to make sure that this Euler 
vector field x on C" resp. on C" = P" can be extended to a holomorphic vector 
field Xo on F. Hp is irreducible. Therefore it suffices to show, that x on C" can 
be extended holomorphically into at least one point oi Hp, because of Riemann’s 
removable singularity theorem. 

Let fip : F ^ P” be the bimeromorphic map which is (at least) biholomorphic 
in the points of C” = F\Hp. Let H' be the hyperplane P"\C". is holo¬ 
morphic in a general point P oi H , let P & Hp he the image of P'. (^p^)* x' 
coincides in P with xo- Thus we get a holomorphic vector field x on F. x IC" is 
the Euler vector field x on C" which is induced by an Euler vector field on P”. We 
call X and any scalar ( 7 ^ 0)-multiple an Euler vector held on F. Thus we get Euler 
vector helds on F, which in the points of C"(zi,..., Zn) = F\Hp = P^\H can be 
described by ^(zi — Oi) • with (ai,...,a„) € C”(zi,..., z„). The coordinates 

zi,..., Zn of C” = F\Hpcome from C” = P^\H 

The formula of Baker-Campbell-Hausdorff implies: If F is additionally hermit- 
ian symmetric, then translations C" —>■ C", (zi,..., z„) —>• (zi -I- oi,..., Zn + an) are 
induced by biholomorphic maps F —^ F. Otherwise we only claim, that such a 
translation stems from a bimeromorphic map F ^ F; neverleness the construction 
of Euler vector helds on F delivers holomorphic vector helds on F, whether F is of 
the hermitian type or not. The construction given above is: 

Start with an Euler vector held x on C" resp. with its extension x on P", extend 
X to a holomorphic vector held Xo on F (this is possible), called together with its 
scalar multiples 7 ^ 0 an Euler vector held on F. 

Instead of vector helds of type ~ “0 ' d{z^-a ) “ F\Hp we can 

(for our purposes) work with holomorphic vector helds '^fhi ■ {zi — a^) • ) 

with say positive integers fhi. But in the following we will call only vector helds 
on F Euler vector helds, if they can on C” = F\Hp be described by (multiples of) 
^(zi — Oi) • ) ■ For our purposes there is no reason to consider more general 

types, although the vector helds with the additional factors fhi could do the job as 
well. 

One can replace Ni by the space generated by ..., e_a(n)) this was the choice 

of [13]. Our choice of Ni has the notational advantage, that positive generating 
line bundles correspond to positive simple roots, a connection which is established 
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by the theorem of Borel- Weil on p.ll4 of [I]. Multiplication of Euler vector field 
X by a scalar ^ 0 does not change the corresponding system of orbital curves. 

If E is a quadric or grassmannian of dimension n, the existence of Euler vector 
fields and ’’Bruhat cells” C" C F can be shown rather easily by computation; see 
[24] if F = a smooth quadric. 

In the following we suppose ak = ai- 


3.2. The projection map fj.p : F P" is defined by sections in the gener¬ 
ating line bundle of F. 

Now let us start the proof of the statement (*) in 3.1.C above on fip. We suppose 
F to be a flag manifold with 62 = 1 and continue to use otherwise the notations 
of 3.1. Choose an affine (zi,..., 2 ;„)—coordinate system on (W =) ifii = C”, such 
that on Oil the Euler vector field y on F with center 0 S (see 3.1) can (up to 
a scalar ^ 0 multiple) be written in the form 




A 

dzi 


We will continue to identify often Ni and DIi. Below y |C" is extendible to a 
holomorphic vector field on P” = C" . Compactify (W =) = exp(7Vi) = C" 

to P", such that 1, zi,...,z„ extend to sections So,...,s„ S iJ°(P",X>pn) in the 
generating line bundle of P". On (W =) Ddi = C" C F the 1, zi, ...z„ extend 
to elements S 0 )---)Sra S H^{F,d -Vp). The bimeromorphic map np : F —)• P" is 
given by (So : : S„) = (sg : ... : s„); let d be chosen minimal. We have to show 

d= 1 . 


Hp = F\D4i is the complement of a real 2n-cell, therefore Hp is irreducible and 
generates iJ 2 „_ 2 (F, Z) = H‘^{F, Z) = Z. 

We continue to use the notations explained above and will not always distinguish 
between Ni and fill ■ We refer to the theorems of Borel, Weil, Bott discussed in [I] , 
esp. to the theorem on p. 114, theorem (a) on p. 123, and furthermore to p. 121- 
123. The closure I of the image of (c- ea^\c € C) in F (the orbital curve through 0 
in direction 60 ,^,) is a minimal rational curve I, generating id 2 (F, Z) = Z. Because: 
uJk delivers a homomorphism C • ([Caj., e_Q,;,]) —>• C with —>■ uikiha^) = 1, where 

[eQj,,e_afc] = ha^, oJk is the differential y of a multiplicative character y G X(T) 
with T a suitable maximal torus of Auto{F), which consequently delivers (compare 
[ 5 , p. 121 If. or for instance [H], p. 393) the positive generating line bundle Fp on 
F and a P'^—embedding of F via F°(F, Fp), where + 1 = dimF*^(F, Fp), and 
giving rise to a degree one embedding of the line I in F, as the restriction of y to 
the (maximal) torus of Auto{l) delivers on the Lie algebra level just y = uJk- Note 
that y defines the transition functions of the line bundle Fp on Aluto(F)/fp,the 
restriction of these to I gives the induced line bundle on 1 ; because of the special 
choice of y = Wfe the induced line bundle on I delivers a degree one embedding 
according to the above mentioned theorems of Borel, Weil, Bott. q.e.d. - Here y is 
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a character; in other parts of this paper x will represent a vector field;because of 
the context (hopefully) there will not arise a mixup, if the same symbol represents 
different objects at different places. 

Remark. Especially we just proved resp. sketched a proof of the existence of min¬ 
imal rational curves I on F which are orbital curves of Euler vector fields. This 
is the same proof as in [42], p. 249. According to the theorem of R.Bott and its 
consequences (see chapter 4 in [I], esp. p.l23, theorem (a)) H'^[F,T>p) is the irre¬ 
ducible representation V‘^'‘ of Auto{F) with highest weight ujk- 

We can produce the following situation, see below: I meets Ftp analytically just 
once and this in a general point Pp such that p,p is holomorphic in Pp] the by 
p,p induced meromorphic map I ^ I is biholomorphic; it can be seen by looking 
at the special construction of I, that I is an orbital curve of an Euler vector field 
X on F with two different simple zeroes of x Pp S Hp is one of these zeroes. 
p.p{Pp) is a simple zero of {ptp)*X 1^ i-®- tti® proper inverse image I of 1 in P” 

is a line too (this time a line in P"), cutting FI just once in p,p{Pp). Because I 
and I are orbital curves of (via (/tf)*) corresponding Euler vector fields on open 
sets of F and P"; this will imply, that the bimeromorphic map fip : F ^ P" is 
given by n -I- 1 elements Sq, •■■i G F°(F, Dp). - Every line on F not lying on Ftp 
is an orbital curve of an Euler vector field. - There is a subgroup of Auto{F) and 
a dense Hp- Zariski open subset of Hp, such that F\Hp and this subset of Hp 
are homogeneous with respect to this subgroup, see for instance the paper [^ on 
Schubert cells of homogeneous manifolds. 

A more precise description of Hp = F\C"' will be given below by the Bruhat 
decomposition. 

We can arrange matters such that the orbital curve I above of an Euler vector 
field cuts Hp just once, and this in a general point Pp outside the common zero 
set Sp of S 07 Sn- For the moment let us accept this to be the case without proof. 
This will readily imply: Euler vector fields on F correspond (via (^/tf)*) to vector 
fields on P"; I as introduced above is a P'^-line. 

We have H = P”\C” = (sq = 0), ^ = p,p[l] is a curve of degree one in P", 
meeting H just once, as I cuts Hp just once and this in a general point outside 
Sp, we can choose I and consequently I as coordinate lines pLp : F P" is given 
in general points of F by (sq : ... : s„) = (sq : : Sn) with spi ■■■,'sn G H^{F,‘Df). 

The set of indeterminancy Sp of fxp is in F at least of codimension 2. {p.*pS^ = 0) 
represents the positive generating element in H 2 .n- 2 {F, Z) — Z, j = 0,..., n. 

Consequence: Let I be an arbitrary line in F not lying in Hp.Then fj.p[l] is a 
line in P".— 

What is left, is the proof that we can arrange matters such that I is an orbital 
curve of the Euler vector field x > which cuts Hp just once and this properly in a 
general point ouside the common zero set of sq) ■■•) Sn- We employ properties of the 
Bruhat cell decomposition: 
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As we apply [5], prop. 5, let us recall the notion of the length of an ele¬ 
ment u! of the Weyl group of the (semi)simple linear algebraic group 0, look up 
for instance as a start [1], p. 113 and the remark on p. 121. oj can be writen as 
a composition of reflections ap corresponding to the (chosen basis of) simple roots 
(3. The minimal number of such composition factors (counted with their number 
of occurrence) is called the length l{uj) of uj. l{u}) is exactly the number of positive 
roots mapped by uj onto negative roots. 

C" C F {= 0/*)!, where fp is the isotropy group of P € F) is a Bruhat cell of com¬ 
plex dimension n.There is a unique element wo of the Weyl group of 0, mapping 
all positive roots onto negative ones; we use the same notations for the elements 
of the reflection group and the corresponding biholomorphic maps F —> F. Let 
n be a base of the positive roots, let ivg.a^. be the element of maximal length 
in the subgroup of the Weyl group generated by the reflections ap, (3 € 11 a 
simple root ^ ak- wo '■= wq o wo^ak has according to [1], p. 122,123, length 
l{wo) = n = dimF, because we have ■u;o((A(j,, )■*■) C A+ and {co(A^^) C A“, 
where A+ is the set of positive roots X],sen ^3 ' P ''^hh respect to 11 and where 
(A„^)+ is the set of positive roots '^p^nkp ■ (3 with kat, = 0. According to [5], 
prop. 5.1 Wo = wq o Wo,as, defines a (complex) n— cell in F, namely the (open) 
orbit F\F[p = exp(Ai) o wo{P) = C". By construction at is mapped by wq onto 
—ak', this reasoning implies because of [5], cor. 2.3 furthermore l{wo) > l(<Jak °wo), 
which means, that the element ° has length l(<Jak o wq) = n — 1; according 
to prop. 5.1 of [5] ack o wq has the (complex) (n — 1)—cell exp(Ni)oaak “ wo(P) 
in Hp as an orbit; this cell generates H 2 n- 2 {F, Z) = Z. o wq : F —F maps 
C" biholomorphically onto C" and Flp biholomorphically onto Flp- We look at 
0 := wo{P) as the zero point of C" = exp(A) o wo{P). As above let I be the line in 
direction Cq,^. Uak (reflection in the hyperplane orthogonal to Uk) will be identified 
with mapping I onto itself, interchanging 0 and 

Of =: ^ n Flp- Of = o wo{P) is a general point of Ff, i.e. a point, which lies 
outside a certain proper analytic subset of Ff, Of can be mapped into any point 
of Ff outside this proper analytic set by a biholomorphic map of F, which maps 
Ff onto Hp. 


Instead of considering ([2]) the embedding F —)• G{r,n) we might presuppose 
[l4]’s results and work with the embedding F —>■ given by the positive gener¬ 
ating very ample line bundle on F. If this is the case, I has the wanted properties, 
as can be seen later.. 

We already mentioned: If F is an irreducible, hermitian, symmetric, compact com¬ 
plex manifold, translations C" —>■ C” are induced by biholomorphisms F ^ F. 
This follows easily from the Campbell-Hausdorff formula, as [ea(i), ea(j)] = 0 for 
1 < i, j < n. 

Simple special cases of such F, Hp and fxp: For F = Q„ C P^+^one can em¬ 
ploy the stereographic projection fip : Q„ —>• P" from a point on Q";here Hp is 
the tangent hyperplane C P”+i to Q„ in this point. For F = a grassmannian, 
one can study the Pliicker embedding of F in order to construct the projection 
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Hf'F —>• P” and Hp 

Remark. Euler vector fields on the considered spaces F depend on F and Flp. 
We continue to stick to the last remark in 1.2.c. 


3.3. The rank concept. In order to understand the bimeromorphic map the 
rank concept is useful. Especially it will become clearer, why in general orbital 
curves of Euler vector fields on flag manifolds (with 62 = 1) are not minimal ratio¬ 
nal curves; only some of them are. - We continue to use the notation in the sense 
above. Suppose that F ^ P” is a flag manifold with 62 = 1. 


If ^ is a general line in P", i.e. a line not meeting the set of indeterminancy 
of the degree of I (= ) in this case) in F is > 1. - This degree 

is called the rank of the flag manifold F (with &2 = 1); the rank is the minimal 
degree (in F) of a rational curve in generic tangent direction through a given point; 
naturally such a rational curve is not a minimal rational curve in F, if F 7 ^: P". 
For instance smooth quadrics of dimension > 3 or grassmannians G(2, 2 -|- g) (space 
of 2 —dimensional linear subspaces of with q > 2 are of rank 2 . 


We employ: Let Z C F be a line, an irreducible curve of degree one meeting FIp 
in one point; then the proper transform I := ^f [^] C P" is a line too. Proof: We 
use 3.2, 3.3. Suppose that I is of degree d > 1; let V be the hyperplane bundle 
of P"; the zero set of a general s € r(P", ), a general linear combination of the 

basis Sq,...,s„, cuts I outside H in d points; the zero set of the corresponding 
s S r [FjVf) cuts I in d points, contrary to degZ = 1. q.e.d. - li F ^ P", the in¬ 
verse is not true, i.e. the proper transform of a P"-line is not necessarily a line in F.. 


If F is a flag manifold with 62 = 1 and with rank 1, then F is a P". If F is 
an irreducible hermitian symmetric space of compact type, this rank definition is 
a reformulation of the ordinary one for irreducible hermitian symmetric spaces, ac¬ 
cording to J.-M. Hwang, Geometry of minimal rational curves on Fano manifolds, 
manuscript. School on vanishing theorems and effective results in algebraic geom¬ 
etry, Triest 2000, subsection 1.4.5; apply 3.1. c. esp.the statement (*) in 3.I.C., 
and corresponding proofs, explanations in 3.2, 3.3 of the present paper. But this 
differential geometric characterization useful for symmetric spaces is not used in the 
present paper. A list with irreducible hermitian symmetric spaces and their ranks 
can be found in [31] . Chap. 6, or in [46]; interesting in this context is the charac¬ 
terization of the rank notion by [31j . cor. 6 . 6 , compare the following subchapter 
3.5. - A del Pezzo manifold of dimension > 3 and degree 5 is never of rank 1 


3.4. On chains of lines on flag manifolds. We describe a procedure to be found 
for instance in |3T], [38], esp. consult [48]. p. 685 We continue to suppose that F 
is a homogeneous rational manifold with Picard number 1 of dimension n. An 
irreducible (reduced) curve G in F of degree one, i.e. generating F[2{F, Z) = Z, is 
called a line (in/of F). The positive generating line bundle Vp of H^{F, Op) = Z 
is very ample; embed F via Vp in a P^, call the embedded F still F; then an irre¬ 
ducible curve G in F is a line in F, if it is a line in P^. Thus a line G in F through 
F € F is uniquely determined by F € G and the tangent direction S PTp(F) of G 
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in P. 

The Chow space C'i(F) of 1-cycles in F has (at least) one irreducible component, 
the members of which are lines and cover a dense subset of F. Let K be the nor¬ 
malization of the union of all components of the members of which are lines 

in F; K is compact, as we may identify K via Pliicker coordinates with an analytic 
subset of the grassmannian G(1,P'^) = of lines in P^; have in mind 

the embedding of F in P^. If in the following we are talking of general lines, we may 
look at them as members of K. For any P G F we define Kp := {C G K\P G C). 
The map K —5> Ci(F) is injective. 

The map tp : Kp -G PTp(F), sending C G Kp to its tangent direction G PTp(F), 
is named the tangent map and the image Cp := tp{Kp) C PTp(F) = P"“^. The 
tangent map induces a biholomorphism between Kp and Cp] we may identify Kp 
and Cp] PTp(F) can be identified with the exceptional divisor we get by blowing 
up F’ in P (monoidally). 

Let U C KxF he the normalization of the graph of the family of lines parametrized 
by K with the projections l : U ^ F, tt : U ^ K. The fibers of tt are lines in F, 
analytically isomorphic to P^; tt is proper and a P^-bundle map, for homological 
reasons all fibers of tt are mapped by t biholomorphically onto lines; t is proper, 
the fiber of i over a P G F is mapped by tt biholomorphically onto Kp Naturally 
U is projective as an analytic subset of the projective space KxF, the set Kp is 
projective for all P G F. 

For any point P G F define inductively loc^{P) := UG , and loc^^^{P) := 

C^Kp 

UG . It is loc^{P) = l{'k~^{Kp)), loc^^^{P) = t(7r“^(7r(6“^(/oc^(P)))))). 

CeKq 

Qeiofc''(p) 

Naturally loc^{P) C loc^^^{P)] this inclusion is proper, iff all components increase 
their dimensions by moving from loc^{P) to loc^^^{P) or if that is not the case, 
only new components are added. If the last is the case, there are points on loc^{P) 
where (together with a local (P)-neighborhood) loc^{P) and loc^^^{P) coincide. 
Therefore after a finite number of steps we arrive at an I with loc\P) = Zoc^“*'^(P). 
loc\P) is the analytic set of all points in P, which can be connected with P by a 
chain of lines C F. For reasons of homogenity loc\P) is smooth. 

Call 2 points of F equivalent, if they can be joined by a chain of lines in F. All such 
equivalent classes loc^{P), P G F, have the same dimension, as P is homogeneous. 
Because of [9] , Main Theorem, one can provide the set R of equivalent classes with 
a normal complex structure, the quotient structure is given in a natural way, such 
that in our special situation R is even smooth and such that the holomorphic quo¬ 
tient map P —^ P is regular, here one applies, besides [5], the very interesting 
statement [35], prop. 49 A. 21 on p.210, due to B. Kaup. Naturally we could have 
referred just to m- As P is projective, R is moishezon.- Suppose dimP > 2. By 
lifting a hypersurface of P to P, we get a hypersurface on P, not meeting a general 
equivalence class loc^P), contradicting the assumption b 2 {F) = 1. Thus we have 
the 
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Lemma. Any two points of F can be connected by a chain of lines in F 

Although not needed, note: If F is additionally hermitian symmetric then we 
can connect two points of F always by a chain of lines of length < rank of F , 
and there are pairs of points where the minimal length equals the rank. Here the 
length of a chain of lines is meant to be the number of lines of such a chain 1[31). 
chap. 6 , cor. 6 . 6 ). 

In our application we only need: There is a dense open set in F such that any 
two points of this subset can be connected by a chain of lines in F. 

This result is not not new. The Main Theorem of [9] is an application of Grauert’s 
image sheaf theorem. It is nice to see, that [9] shows up on p. 209 of [35] as an 
exercise. 

3.5. Euler vector fields on del Pezzo manifolds of degree 5 and dimen¬ 
sion >3. It is of interest, whether there are other manifolds F which are globally 
rigid. One class of such manifolds is the family of del Pezzo manifolds of degree 
5 and dimension n > 3. The proofs of theorem 1 and 2 can be adapted to de¬ 
formations of this class. Characteristic properties of n—dimensional, n > 3, del 
Pezzo manifolds F^ of degree 5: They are projective; the Picard group is Z, namely 
it is iJ^(F„,Z) —lA^{Fn^O*p^) = Z; the Fn are Fano manifolds, for which the 
positive generating line bundle 'Df^ the canonical bundle are related by 
Kpr, + {n — ^)'Df^ — 0, is very ample, we have = 5. - These prop¬ 

erties already imply n < 6 . It is known that del Pezzo manifolds of degree 5 of 
dimension n > 3 are globally rigid under kahler deformations ( a consequence of 
the main result in see also [49] or [44]), for V 5 this kahler condition is known 
to be superfluous. - The following spaces Fq := G(2,5) = G(P^,P'^), P's, F 4 , F 3 
(= 14 ) are all del Pezzo manifolds of degree 5 and dimension n > 3, more do not 
exist; their construction shows, that they fulfill the assumptions of theorem 3. 

There is a biholomorphic map Fq = G(2, 5) —>• Fq, mapping Ai = 9li = C” (ea(i),..., e 
biholomorphically onto V = C {u,v,w,x,y, z) , as we have Fe—Euler vector fields 
at disposal on C” ..., and on V. 

There is another way (as above) to produce the Euler vector fields on Fq = G(2, 5), 
the 6 —dimensional del Pezzo manifold of degree 5. According to m, section 7.12 
on p. 421, this manifold can be constructed thus: Consider in P® with the homo¬ 
geneous coordinates po,...,pe the hyperplane D = (pe = 0) and the Z?-subspace 
G = {po ■ P3 - Pi ■ P 2 = P 2 ■ Pb - P3 ■ P4: = Po ■ P5- Pi ' Pi = 0). Let P be the 
blow up of P® along G and let D be the induced blow up of D along G, i.e. the 
proper transform of D on P. There is a modification map P —^ G(2,5), which 
blows down Z? to a P^ C G(2, 5). This construction leaves P®\i4 untouched. There 
are sections sq; sio G F>Fq) in the generating line bundle , which embed 

Fg in P^°, such that so,---,S6 define a bimeromorphic map G(2,5) —> P®, which 
maps G(2, 5)\(so = 0) biholomorphically onto P®\i4. By simple computation one 
shows that P®-Euler vector fields with centers outside D can be lifted to holomor- 
phic vector fields on P, as these vector fields vanish along D and as only one blow 
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up (where C is blown up) occurs. Their images on G{2, 5) are holomorphic Euler 
vector fields on G{2,5). 

Let F 5 be the zero set of a general section in the (positive) generating line bundle 
T^Fe, i-e. the 5—dimensional del Pezzo manifold of degree 5. We have Z) = 

0*F^) = Z. Let be the positive generating line bundle on F 5 . T{F^,Vf^) 
embeds F 5 in P®. Starting with a P^\D, D a hyperplane in P^ and a subspace 
C <Z D oi dimension 2 one can construct F 5 in a similar fashion as G{2,5), see 
[TT], section 7.10. There are sections so,...,sg G r(F, P^s) in the generating line 
bundle Ff^, which embed T 5 in P®, such that so,...,S 5 define a bimeromorphic 
map F 5 —!> P®, which maps E 5 \(so = 0) biholomorphically onto P^\D. By simple 
computation one shows that P®-Euler vector fields with centers outside D can be 
lifted to holomorphic vector fields on P =the blow up of P® along C, as these vector 
fields vanish along D; P can be mapped holomorphically and bimeromorphically 
onto P's.Their images on F^ are holomorphic vector fields on F^, which we may call 
Euler vector fields on F 5 . 

Let F 4 be the zero set of a general section in the (positive) generating line bundle 
27^4, i-e. the 5—dimensional del Pezzo manifold of degree 5. We have H^(F 4 , Z) = 
H^(F 4 , Op^) = Z. Let Vpi be the positive generating line bundle on F 4 . r(F 4 , T’f 4 ) 
embeds F 4 in P®. Starting with a P^\I?, D a hyperplane in P^ and a certain sub¬ 
space C C 22 of dimension 1 one can construct F 4 in a similar fashion as 0(2,5), 
see HI], section 7.8. There are sections So,...,S 8 S ^{F4,'Df4) in the generating 
line bundle T>f 4 , which embed F 4 in P®, such that sq, ..., S 4 define a bimeromorphic 
map F 4 — 7 > P^, which maps E 4 \(so = 0) biholomorphically onto P^\i2. By simple 
computation one shows that P'^-Euler vector fields with centers outside D can be 
lifted to holomorphic vector fields on P =the blow up of P^ along O, as these vector 
fields vanish along D; P can be mapped holomorphically and bimeromorphically 
onto E 4 .Their images on F 4 are holomorphic vector fields on Ej, which we may call 
Euler vector fields on F 4 . 

These constructions of F 4 , F^, Fq are rough descriptions of m. 7 . 8 , 7 . 10 , 7 . 12 . 
The construction of Fq induces the construction of F 5 as a subspace of Fq : We 
produce a modification of P® along a hyperplane D, leaving P®\i2 intact. If we 
take a suitable linear subspace P® of P®, then the construction of Fq starting with 
P® induces the construction of F 5 starting with P® leaving P®\a hyperplane un¬ 
changed. Therefore, if an orbital curve of an Euler vector field on Eg with center 
G Eg meets this P®\a hyperplane in a point ^center, then this orbital curve must 
lie in Eg. With other words: Orbital curves of Euler vector fields on F 5 are orbital 
curves of Euler vector fields on Eg. Analogous statements can be made for the E 4 
as a subspace of the Fg. 

F 3 = kg can be dealt with using m, section 7.5, or [T3]; one can find a hy¬ 
persurface Hf^ and sections So,...,S 3 in the positive generating (very ample) line 
bundle, which define a bimeromorphic map Eg ^ P®, which maps F 3 \Hf biholo¬ 
morphically onto C® = P^\hyperplane of inf inity, such that Euler vector fields 
on P® with centers in C® can be lifted to holomorphic vector fields on Eg. Sketch of 


38 


NORBERT KUHLMANN 


proof: Let Q3 C P"' be a smooth quadric of dimension 3, project Q3 stereograph- 
ically onto P^, let D be the hypersurface of Q3 blown down by this projection, 
which maps Q 3 \D biholomorphically onto = P^\hyperplane of inf inity, D is 
the intersection of Q 3 and a hyperplane of P"^. Take an Euler vector field on P^ 
with center in C^, this vector field can be lifted to a holomorphic vector field on 
Q3. This lifted vector field vanishes on D along a Veronese curve C of degree 3 in 
the hyperplane inducing D. This vector field can be lifted to a holomorphic vector 
field on the blow up Q of Q 3 along C , the proper transform Z? of Z? on Q can be 
blown down to a rational curve; thus V 5 = F 3 is constructed, the above constructed 
vector field can be taken down to Es; this holomorphic vector field is of the wanted 
type we can work with and is called an Euler vector field on F 3 = V 5 . m, 7.7 
describes a construction of F 4 by modifying P'^ along a hyperplane, which induces 
on a suitable linear subspace P^ a modihcation delivering the V 5 -const ruction de¬ 
scribed above. Therefore, if we consider V 5 as a subspace of F 4 as described above, 
orbital curves of Euler vector helds on V 5 are orbital curves of Euler vector helds 
on F 4 . 


The space T of lines on V 5 is a P^. Let A : M —T be the universal family of 
lines on V 5 with the corresponding map p : M —>■ V 5 . p is surjective and finite. 
Through a general point of V 5 there pass 3 lines. SL{2, C) is acting on V 5 , such 
that the following holds: There are on V 5 a line S, a hypersurface (generating 
ZL^(V 5 ,Z) = Z and containing E), such that VsyZLs, ZL 5 \E, E are the orbits of 
SL{2,C), SL{2,C) has no fixed points. H 5 is a ruled surface swept out by lines 
which meet E ( [13], esp. p. 113, 118; [47]). 

Thus any 2 points of V 5 can be connected by a chain of lines as any line in Vsmeets 
Hs- 

Embed G{2, 5) in P®. The intersection of G{2, 5) and a general P®“'', f = 1, 2, 3 is 
an Fe-i ; consequently there exists an open, dense set on Z^ 6 -ii such that any two 
points of Fe-i can be connected by a chain of Vs’s and therefore by a chain of lines. 

Remark. It has been known since long, that each kahler manifold F homeomorphic 
to V 5 is analytically isomorphic to V 5 


4. Discussion of the bimeromorphic map p : X ^ Y x P". 

4.1. Construction and some properties of the bimeromorphic maps p : 

X ^ X :=Yx P", p : X ^ Y X F. a. The construction of p, p. We continue 
to use the notations of the introduction and of 3.1 and continue to suppose, that 
the deformation maps we consider are differentiably trivial, and that the theorems 
1, 2, 3 we want to prove, are false, if nothing else is agreed upon or obvious because 
of the context, in order to arrive at a contradiction. 

So let F be an n—dimensional flag manifold with 62 = 1; remember that the 
anticanonical bundle of F is very ample. - F has according to the last chapter 3, 
esp. 3.2, 3.3, the following properties: 
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F is a projective n—dimensional complex manifold with 62 = 1 satisfying the fol¬ 
lowing assumptions: 

a) F is a Fano manifold of dimension n > 3 with Z = Z) = F{^{X,Ox)- 

The positive generating line bundle Vp S O^), called also the hyperplane 

bundle, is very ample. 

b) F is a compactification of C". There exists a bimeromorphic map F - 5 - P", 
given by sections in Vp, together with a hypersurface Hp C F, such that F\Hp 
is mapped biholomorphically onto the complement of a hyperplane in P", a C". 
(Naturally such an Hp can be proven to be of degree one in F.) 

Let us collect below some generalities of the bimeromorphic maps /j, : X x P", 
fi : X ^ X := Y X F with the graphs G and G, which are the concern of the 
present paper. We consider the following setup: 

Let T : X ^ Y be a deformation map, differentiably trivial, with Xt = F for 
t ^ 0. As F has a positive Chern class ci{F) := ci{—ICp) > 0, Xq has to be 
moishezon; see 2.1.c. We now apply 2.2: Let V be the positive generating line 
bundle on X with the properties stated in 2.2. We claim, possibly after replacing 
y by a smaller neighborhood of 0 € F, but without the necessity of a suitable base 
change, the following 

Lemma. There are a hypersurface H C X, the zero set of a section in the positive 
generating line bundle D, a corresponding hyperplane H' C X' :=Y xP", elements 
so,...,Sn € T{X,D) with H = {sq = 0), linearly independent along all fibers Xt, 
such that the meromorphic map p, : X ^ X = Y x P", defined by r and sq, ...,Sn, 
maps X \ H \ Xq biholomorphically onto X' \ H' \ X(. We may assume that t 
vanishes along all components of (the normalizations of) Gq and Gq with order 
one; if one feels more secure one can perform a suitable base change.. - The proof 
will be given a few lines below. 

Here ;i{P) = (t(P);so(P) : ... : s„(P)) = (r(P); So(^(P)) : ... : s^(^(P))) for 
general P G X. Let G be the graph of with the projections (p : G ^ X, 

: G ^ X , let Xg be the component of Go, which is a modification of Xq, 
and let Gq be the component of Go, which is a proper modification of Xq; let 
P" be provided with a homogeneous (sq, ..., s„)—coordinate system. We will de¬ 
note Xq := /:i[XQ] = i/>(Xq). Let S be the set of indeterminancy of /r; because 
of 2.2.b we have dimS't < n — 2 for all t. Let V be the positive generating line 
bundle on X = Y x P"; we may identify Sg, ...,s„ with elements G r(X ,P ); it 
is = 0)] = {si = 0); p*s^ vanishes outside S with order one along {si = 0), 

0 < i < n, because of 2.2.b. We will identify /x*Sj and Si, and H with (sq = 0), H 
with (sq = 0) 

We can suppose that the set G = (sq ^ 0, si = ..s„ = 0) defines a general sec¬ 
tion y ^ G C X over Y, and that the family of tangent spaces of X along the 
curve G can be identified with Y x C"; by construction yt is on X\H a holomorphic 
map into Y x C" C F x P", mapping the section over F onto F x (0). 
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Let N be the embedding dimension of F; there are s„+i,...,SAr G r(X, X>), such 
that r and sq, Sn, ■■■, sn are linearly independant along Xq (we may even suppose 
that the Si are linearly independent along all Xt) and define a bimeromorphic map 
'll : X ^ X := Y X F C Y X (, where is supposed to be provided with 
a homogeneous (sq, s„,s^) -coordinate system), biholomorphic outside Xq, 
with the following properties: n equals the composition of /r and the projection 
X ^ X ; the projection Xq := ^ is biholomorphic over Xq\F[ ; the 

set of indeterminancy S oi lies in Xq and is here at least of codimension 2; a 
general fiber of 'fig := /I|Xo is a general fiber of hq. Some more notations: Let G 
be the graph of 'p, with the projections (p : G ^ X, ^ : G —>■ X , let Xq be the 
component of Gq which is mapped by P\Xq bimeromorphically onto Xq, let Gq be 
the component of Gq, which lies bimeromorphically over Xq := (0) x F. - <p{Gq) 
and ^p{Gq) coincide; we denoted S* := ^^(G'o) = 0{Gq). 

Let fib be a fiber of hq] Xq is the graph of hq] we can consider fib as a fiber 
of ' 01 -^ 0'^0 ^0 ■ Property b) listed above at the beginning of this subchapter 

4.1.a implies: If 0(/i6) is a general point of Xq\Hp, then fib is also a /2o-fiber. 
Have in mind that Xq cannot lie in the linear subspace Flp. Thus for general points 
P & Xq the pq- and the pQ- fiber through P coincide. 

Proof of the lemma: We are going to use 3.2, 3.3 and Barlet resp. Chow spaces; 
compare [5], esp. theoreme 6 , p. 109, [TO], [SO], p. 65ff., [S3], p. 268 and the reason¬ 
ing on p. 271, 272, subsection e..By possibly shrinking T to a smaller neighborhood 
of 0 we can arrange the following situation: There exists a component G of the cycle 
space G{X x (T x F)/Y) with the by r induced proper map tt : G —>• T, such that 
for uncountably many t 7 ^ 0 some points of G* represent graphs of biholomorphic 
maps Xt —>■ [t) X F, thus we get 7 r(G) = Y, because the set of irreducible com¬ 
ponents of G is countable. Consequently firstly all points in a dense open subset 
of Gt are graphs of bimeromorphic maps Xt —>■ (t) x F, which secondly stem from 
biholomorphic maps. There is a section 7 over Y through a suitable point of Gq, 
such that for all t 0 the points of 74 represent graphs of biholomorphic maps 
Xt ^ (t) X F , at least after possibly shrinking T to a smaller neighborhood of 0; 
at this point it is not necessary to perform a suitable base change. This delivers a 
bimeromorphic map X ^ Y x F, which maps X\Xo biholomorphically and fiber 
preservingly onto (T\(0)) x F. This proves our assertions made above, q.e.d. 

Remark. There is no need to employ Chow spaces for some special manifolds, 
for instance for F — P" With the help of Grauert’s image sheaf theorem, esp. 
p. 61, Satz 2 one can produce SQ,...,Sn G F[^{X,D) which are linearly indepen¬ 
dent along Xq and generate outside a discrete set of points of Y the vector spaces 
H°{Xt, Dt) for t €Y. For our purposes we may suppose in this case, that sq, ..., Sn 
generate for alH 7 ^ 0 the (n -I- 1)—dimensional vector space H^{Xt, Dt). 

b. It is dim^Q >2: In our proof we may suppose dimXg > 2. Suppose 
dim^Q = 1. We may assume that (sg = 0) fl Xq consists of d> 2 simple points. 
ip{tp~^{{sQ = OjnXg )) = (so = 0 )nXo consists of at least d homological equivalent 
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hypersurfaces, as n — 2 > dim S fl Xq, contrary to subsection 2.2.b of the preceding 
chapter 2. Therefore dim^Q > 2 and n > 3. 

As sot--,s„ are linearly independent along Xq, Xq cannot lie in a proper, lin¬ 
ear subspace of P”, esp. the degree d := deg^Q in P” is > 1. 

c. Why the proof of Xq = /x [ATo] = (0) x P" is important. From 2.3, applied 
to : X ^ Y X F, we can deduce: is biholomorphic, iff Xq = ^ [Xq] = (0) x F, 
i.e. iff Xg = ^ [Xq] = (0) x P”. Suppose that this is not the case, i.e.: 

Let us suppose Xg (0) x P" or what is the same Xg (0) x P for the rest 
of this paper, unless the contrary is explicitely stated. 

Remark. One may wonder why at all we consider p, : X Y x P” and not 
only ^ : X —>■ X . The reason is: Our aim will be the proof of Xg = (0) x P", 

resp. of Xg = (0) x F. For the proof we employ Euler vector fields on X x F, which 

can easily be characterized by certain holomorphic vector fields y on X x P"; 
Euler vector fields on F are described with the help of the coordinate functions 
on F\Hf = C” C P" and become thus computable. For this purpose we have to 
investigate also p and not only p. 

d. On a map f ^ f G H^{X,d ■ D) for certain /' G F[^{X',d • D'). a. 
Suppose 3 < h < n. If below we apply Bertini’s theorem we use tacitly that the 
meromorphic map Xg —>■ P" defined by sq, Sn has an image of dimension > 2. 

Take an /' G H^{X',d ■ V) with d > 0, not vanishing in all points of the Xg, 

i.e. not being divisible by t, f = - with on X holomorphic 

coefficients We say that / depends on Sg,...,s~ Suppose that p*f := 

■ Sq” ■ vanishes along Xg with order a . We may associate with / 

the element / := p*f‘/F G H^{X, d-V). We say that / depends on SQ,...,Sn. 

(/ = 0) is the X—closure ot ip o tp~^{{f = 0))\Xg, as dimS't < n — 2 for all t, and 
we have (/ = 0) = p*[{f = 0)] = p{4’~^[{f = 0]). (/ = 0) is of degree d in X 
and (/ = 0) is of degree d in X , if /, / do not have factors with multiplicity > 1. - 

The / -image / G id°(X, d-V) is over X\(0) a linear combination of d-fold prod¬ 
ucts of the So,..., Sn with on X\(0) holomorphic coefficients and is not divisible by t. 

Vice versa. Suppose that / G H^{X,d ■ V) is over X\(0) a linear combination 
of d-fold products of the sq, ..., Sfj with on X\(0) holomorphic coefficients and is not 
divisible by t. Then / is the image of an /' G id°(X', d • V'), not being divisible by 
t, f = ang...n~ ■ Sg"^” • -s-", with on X holomorphic coefficients 

We call f and f associated. 

Remark. The map defined by the association f ^ f described above is for 
d > degXg not additive, as by assumption Xg Xq. 
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p. Suppose that / and / are associated, and that / does not have components with 
a multiplicity > 2; this is for instance the case if / is a general / € d ■ V) 

depending on sq, ■■■, Sn, because of Bertini’s theorem, in this case (/ = 0) fl Xq is 
even irreducible, f\Xo vanishes along (/ = 0 ) fl Xq with order one. 

li F ^ P", a general / G {X, d ■ V) is never the ” image” of such an /' € 
H^{X',d ■ V), as such an / cannot be described as a linear combination of prod¬ 
ucts only of the sq, ..., Sn with on Y \(0) holomorphic coefficients. 

Let i? be a general hypersuface in X , not containing any X^; ii Xq C E , fi~^{E ) 
contains Xq; the degrees ot E in X and of E := {E')\Xo in X coincide. 

Take an / = ^ - ^ H°{X ,d-V ) as above, not being divisible by 

t. For / = X) 0 , 1 , 0 ...u„ ■ above the inverse image vanishes along 

Gq with a certain order d, we have (up to a factor without zeroes) /' = f /E. 

7 . If d is large and f is suitably chosen, depending on Sq, ..., s„, then according to 
2.1.C the zeroset (f=0) of f is cutting a general fiber of /i | Xq \ S transversly in 
general points P, which implies Xq C (/' = 0), because there is an X—neighborhood 
U of P such that {f = 0)011 C '0~^[(/ =0)]- / is suitably chosen, if f is general 
among those elements of H^{X ,d-D ), which depend on so,...,Sn- 

But vice versa Xg C (/' = 0) does not necessarily imply that the zeroset of / 
is cutting a general fiber of /io = /i|Xo properly in general points. 

We continue to suppose that / G F ^X , dV ^ is not divisible by t , and that 
/ G F ^X, d-V^\s associated to / . We have (let s G F ^X ,D ^ be general) 

/ -1 f"' • /' 

— OpL = —= ^ 

gd gfd . -j-d-cr 

with ct' , (7 G N, s' G F {X',V '), modulo nonzero factors assumed to be 1; here a' 
is the vanishing order of (p* f along Gq, a the vanishing order of (p*s along Gg. We 
denote by a" the vanishing order of fj* f' along Xg. We have ct' -I- cr" = d • cr because 
of (i OM-') o M = and according to chapter 2 for large^d we can arrange 

matters such that / is general among those elements in iL° (X, d ■ V) which depend 
on so,...,Sn, i.e. such that ct is maximal (and certainly > 0) and ct minimal for 
given d. 

ct' and ct" depend only on d. 

S. Analogously one can extend these considerations to fi : X ^ Y x E C Y x P-^. 
We denoted by T> be the positive generating line bundle on X x F. We can associate 
to each / = ^a„o...uN ' So'° • G id°(X , d - P ), not vanishing in all points Xg, 
i.e. not being divisible by t, the element / = fi*f'/G = X Ovo...i,n ' So° ■ -sff^ fE G 
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H^{X, d ■ V) with a = vanishing order of tp* f along Xq. Each / S H^{X, d -V), 
not vanishing in all points of Xq, is of this type / = f . The inverse 
image (f*f vanishes along Gq with a certain order a, we have (up to a factor 
withont zeroes) /' = f/t'^. We have p,[{f = 0)] = = 0)])) = 

(/' = 0),(r')[(/'=0)] = (/ = 0). 

Let TT : Y X F ^ Y X = X be the projection given by (ag : .... : ajy) —>• 
(oo : ■■■an) for general (oq : .... : a^) € F, and take an / = ^ano...n„ ■ Sq‘'° ■ -Sn" 
G H^(X ,d-V) as above, not vanishing in all points of Xg, then the associated 
f = J2 ■'So“ equals 'll*( tt* f)/F ; studying the relationship between 

/ and / means studying the relation between tt*/ /F and /. 

e. On vanishing orders. Vanishing orders are defined on normalizations. 
t vanishes with order one along Gq, Gq, Xg, Vg. If there are more components of 
Go, Go, we are not sure about the vanishing orders of t. But by a suitable base 
change we can arrange that t vanishes with order one along all components (of the 
normalizations) of Gq, Go. We will assume in the following, that t vanishes with 
order one along all components (of the normalizations) of Gg, Go- 

Claim: Let s G T{X,'D) he general, let a be the vanishing order of Lp*s along 
Gq. Then (p*s vanishes along all components E* Xg of Gg with the same order 
cr. 

Because: Let s G r(V ,2? ) be associated to s. Consider points Pi G Gq; -^2 G 
E* with the same -^-image P G Xg . Let Gi C G be in Pi irreducible curves lying 
biholomorphically over a neighborhood of 0 G V, which we may assume to be V , 
i = 1, 2, we are talking of sections over V. According to the preceding (compare 
subsection 7 above) we may identify ip*'s \Ci with {ip*s)/F\Ci^ This gives that 
s(P ) 0 is equivalent to {(p*s)/F\Ci is holomorphic and 7 ^ 0 in Pj, t = 1, 2, which 

gives the assertion. Remark: De facto this claim means, that we can reason as if 
Gg decomposes only into Gg and Xg. - In the same fashion one proves: 

Claim: Let f G H^{X,d ■ V) be general, let d be the vanishing order of ip* f 
along Gg. Then ip*f vanishes along all components E* 7 ^ Xg of Gg with the same 
order ct. 

Let /' G H'^{X' ,d ■ V') be associated to /. The connection between a and the 
vanishing order cr of 'j2*f along Xg is described in subsection d above. 

Remark^ If f G H^{X,d ■ V) is general, the associated f G H^(X', d ■ V') need 
not he general 

f. On Gq, Gq: Gq meets Vg in codimension one, z.e. dimGg H Vq = n — 1. 

Let S be the common zero set of so,...,SAr. We have S' C ATg. Let a have the 
same meaning as in e. above. For our purposes here we suppose (if one wishes this 
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for the sake of notational simplicity) a — 1 . ^*(^), restricted to Gq, is a meromor- 
phic section in ip*(T>~^)\G q, with a proper zero set and a proper pole set, as ^ is 
not locally constant on Gg. According to e. above ^*(^) (naturally we identify in 
such a situation s with a local function) vanishes for general s G H^{X,T>) outside 
'tp~^[{s = 0)] exactly along the graph Xq of po (here s and s G H^{X ,1? ) are 
associated), if we replace G by its normalization; this implies the claim for G itself; 
this normalization does not change anything on G in general points of Gg: 

G is normal, even a manifold in general points of Gg; Gg is a modification of 
(0) X F. - Let Q be a general point G S*, U a. small A-neighborhood of Q; consider 
the meromorphic map p : U := (p~^{U) -G Y x (with graph U), defined by 

P — {T{ip{P)); so{(p{Pj) : : SN{p{Pj) ■ F{(p{P))) for general P gU. The re¬ 
striction of/I to Gn Ag is given by the holomorphic map {so{(p{P)) : : sn{p{P)) ■ 

0) for general P G Ud Ag, the graph of which is biholomorphic to Gfl Ag. U 
lies between U and its normalization G”. The projection tt : G —>■ G is holo¬ 
morphic, bimeromorphic, discrete, biholomorphic over a neighborhood of Gfl Ag. 
General fibers of Gg —>■ S* are cut by the images of {(ip o S^)*(^) = 0) prop¬ 
erly (this is a consequence of e.), esp. this intersection is not empty. Consequently 
dim Gg n Ag = n — 1.- Remark: For our purposes we may suppose G to be normal. 

Observe'(/'(GgflAg) = Ag , ^(Gg) = (^(GgflAg) =: S*, consequently ip{G^dX^) = 
Xl p{GldX*^) = p{Gl)=Sd 

Remark. Let fib be a (component of a) general fiber of Ag —)• Ag , let ^ : Ag —>• Ag 
be the modification map introduced above, let s G iL°(A, V) be general. The proce¬ 
dure of Siu, see for instance [52], delivers fib = P™, fib n {ip*s = 0) is analytically 
a hyperplane in P™ and equals fib n Gg. But we want to introduce Sin’s non 
trivial procedure as late as possible and will employ Siu’s set up only in the proof 
of theorem 2. Naturally Siu’s procedure can be employed not before a discussion of 
holomorphic liftings of Euler vector fields has taken place as in chap. 5 and chap. 
7 below.. 

4.2. Applying 2.1.c. We continue to use the notations above and discuss here 
first the hypersurface case dim Ag = n — 1. The general fibers of Ag -G Ag are of 
dimension m = 1, i.e. are curves. Suppose that the ideal of functions vanishing on 
Ag is generated on F x {F\Hf) = Y x C” by t and G r(A ,d - D ) naturally 
with d > 1. 

According to 2.1.d or to Hironaka’s Chow lemma (There are proper modifications of 
G resp G lying in a F x P ^, M) for every large d G N any general fjG r(A, d-D), 
which depends outside (so = 0) only on zi = = ^, has the following prop¬ 

erty: 'f’~^[{f~ = 0)] cuts all irreducible components of general fibers of Ag ^ Ag 
in at least one general point P* transversally and coincides in a G—neighborhood 
of this point with (/j= 0); this assertion includes, that for a suitable choice of the 
f^ the proper inverse image 4 ’~^[{fj = 0)] cuts a chosen general (component of a) 
general fiber in at least one point transversally; here f~ G r(A ,d-D ) is associated 
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to /t, which can be considered as a function in zi = Zn = p 

" Cl *sq *0 

Take such a general point P* € (/j = 0) PiXq , then P = i^{P*) can be supposed to 
be a smooth point € Xq \Hpn of (the reduced) Xq . There are a G—neighborhood 
U* of P* and an X'—neighborhood U' of P', such that 0)] fit/* = (/j = 

0) n [/*, that the map (/j = 0) (1 U* ^ U is defined, proper, nondegenerate, and 
maps (/j = 0 ) 011 * biholomorphically onto a reduced, irreducible, analytic, smooth 
hypersurface analytically described by (f'g = 0) in U' with (/^ = 0)nXQ = X'^OU'. 
ifs = 0) is in P a local component of {f~ = 0) and coincides set theoretically in 
U with the closure of (i/’((/j= 0) fl {U*\Xq))). 

We let cr be the vanishing order of along Xq; then is a local holo- 

morphic parameter on Xq in P* and coincides here up to a factor ^ 0 with /j. 
This vanishing order cr is maximal among the elements of r(X, d • D) depending 
outside (sq = 0) only on Zi = and is common to all general pairs 

P* of Xq and /j G r(X, d ■ D) with fixed d, as /i and /x are bimeromorphic. 


Naturally one cannot expect that Xq is in a neighborhood of P analytically de¬ 
scribed by t = f~ = 0. But f~ has in P a local holomorphic irreducible factor fg 


with the following properties: 
generated by t and /^; let a 


In a neighborhood of P the ideal sheaf of Xg is 

* ' 

be the vanishing order of i/;* fg along Xq ; then 


is a holomorphic parameter in P*. ^ m and ^ fd differ in (a neighborhood of) 
P* by a holomorphic factor 0 in P*. In a suitable G-neighborhood of P* the 
proper transforms = 0)] and = 0)] coincide; both sets can in a 

G- neighborhood of P* analytically be described by = 0 and by = 0. - 


Small continuous movements of P*along Xg and /j in r(X, d ■ D) will not change 


the vanishing orders cr , a and a , apply the preceding subsection d.l.d.y. This 
vanishing order a is maximal among the elements of r(X, d ■ D) depending outside 
(so = 0) only on zi = p-,--., Zn = p- Later it will become clear that in the 

' ' Ssq *0 

present case a is the vanishing order k introduced above in 1.2.c. The geometric 
picture will show towards the end of this paper (esp. in the hypersurface case) 
the at hrst improbably looking equality cr = 1. In order to reduce the number of 
symbols and notations (a little bit) we may without loss in the following assume 
f~ = f~ and cr = cr = 1, if no confusion arises and if we are not led to unjustified 
applications of these assumptions. But one must be aware that these conventions 
mean a simplification. 


It can be seen that these considerations depending only formally on the hyper¬ 
surface case TO = 1 can be extended to the non hypersurface case. Let P* € Xg be 
general, P = tp{P*) is a general point of (the reduced) Xg , especially a smooth 
point. The case n = 4, to = 2, dimXg = 2 can be considered as already the 
general case.From 2.1.C it follows, that there exist for large d general homogeneous 
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polynomials G T{X,d ■ D) with the following properties: These polyno¬ 
mials depend only on sq, Sn- The zero set = 0) cuts the ^o-hber 

through P* in P* transversely. Let be associated to Then there 

are a G— neighborhood U* of P* and an X —neighborhood U oi P , such that in 
U* the analytic sets = 0) and — 0)] coincide and such 

that the map (/^j = = 0) H U* ^ U' is defined, proper, nondegenerate, and 

maps (/^ j = / 2 J = 0) n G* biholomorphically onto a (reduced) irreducible, smooth 
analytic set {f[g = f’^g = 0) in U' with {f[g = f'^g = 0) n U’ D x'q = Xq n U' . 

'(/'“^[(/ij= b)] coincides with (/^^ = / 2 d = 0) in the G-neighborhood U* of 

/ // 

P*. We can assume that i’* and ’’P* vanish along Xg with the same order 

// ijj* f ~ Ip* f ~ 

a and that — rP- , —are local parameters on V* in a neighborhood of P*. This 
number a is common to all such general pairs P* and with fixed large 

degree d. {f[g = f^g = 0) is in P' a local component of {f[j= ^ 2 ^ = 0): 


One cannot expect that Xq is in a neighborhood of P analytically described by 
t = f^~ = f^~ = 0. - Suppose that P is a general point of Xq . But then we may 
suppose that P is a smooth point of Xq and that the in P holomorphic functions 
fiS’ * = have the following property: In a neighborhood of P the ideal sheaf of 
Xq is generated by t and the f^g, here the f^g are chosen with maximal vanishing 
order a of ip*f^g along Xq. Naturally a < a and cr does not depend on i . 

The ^ If are holomorphic parameters in P*. In a G—neighborhood U* of P* the 


proper transforms ip ^[{fis = fii, — b)] and ip = b)] coincide; both 


'2d 


sets can in U* analytically be described by ^ ^ = 0, by ^ 


b*/,. 


= 0 

/// 

and by(/j^^ = =0). It will turn out that in the present situation a coincides 

with the vanishing order k talked about in I.2.c. 


In the above we used: Because of [23] we may suppose that G is dominated by 
a bimeromorphic subspace of a T x P^, for our present purposes we may even 
assume G C Y x with N = TV, if we want to reduce the number of notations. 
Small continuous movements of P* along Xq and of f. 2 d r(X, d ■ D) will not 
change the vanishing orders a , u and u . The f^g can be considered as local 
factors of the /.- in general points of Xq . We have (degree of a general ^o-bber in 

(0) X P^)-CT = a . If we do not like the reasoning with N = N, G C Y x P^ 
(which only describes the procedure) we have to replace Xq by its proper inverse 
image in the above mentioned bimeromorphic subspace of T x P^. 


For reasons of notational simplicity we will often suppose in a situation like this 
a = a = a'" = 1, f.^^ = /i^, f 2 d~ ■^ 2 ( 5 j ^bl abstain from unjustified applications 
of these identifications, confusion by this unlikely. 
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5. Euler vector fields and deformations (mainly) in the hypersurface 

case m = 1. 

5.1. Introductory remarks on lifting Euler vector fields from X to X. a. 
Generalities. We continue to use the set up of the preceding chapter, especially 
continue to suppose X^ ^ Xq, i.e. Xq ^ F, unless the contrary is explicitely 
stated. General fibers of ■ Xq ^ Xq resp. of JIq : Xq ^ Xq have dimension 
m := n — diinWg and are supposed (for notational reasons) to be irreducible; our 
reasoning will not depend on the irreducibility of fibers. We will show that there 
are m additive, commuting holomorphic vector fields on Xq, such that 

any irreducible component of a general /xo-fiber is the closure of a maximal integral 
manifold defined by this collection of these vector fields, i.e. an orbital variety of 

Xlj •■•I Xm- 

With the exception of the proof of the lemma below and related statements (see 
the remark of subchapter 5.1.d at the end of this subchapter 5.1) the considera¬ 
tions of 5.1 hold for arbitrary flag manifolds with Picard number 1 and del Pezzo 
manifolds of dimension > 3 and degree 5. In general it should be clear (from the 
context), which of the following assertions, procedures and definitions hold for (or 
can immediately extended to) arbitrary flag manifolds (with Picard number one) 
or del Pezzo manifolds of dimension > 3 and degree 5 

Employing the results of chapter 3 we can produce holomorphic vector fields on 
Y X F, Y X P", X thus: We start with a section a : Y ^ X through a general 
point of Xq, denote C := cr{Y), the induced section (the following symbol repre¬ 
sents at other places a vanishing order, because of the different contexts there will 
be no mix up) a := /i o a with C := p,[C'], the induced section a* := o a 
with C* := the induced section a ■= 'jlo a with C := /r[C], C* := the 

image of the corresponding section o cr on G, and furthermore we start with 
Euler vector fields y = x(cr)onX = Y x P” which on all X^ have center in 
G(, such that the following is true: Lifted to X := Y x F we get a holomorphic 
vector field y = y (It ), lifted to X we get a meromorphic vector held y = y(cr), 
which has a proper pole, of positive order fc > 0, along Xq, as will be shown; y is 
the unique meromorphic extension of {jl~^\{X \^o))*X existence of this 

meromorphic extension can be proved as on p. 259 in [52j : in subsection 5.2 and 
7.b of the present paper another computational approach is chosen, which gives 
some more information; y = • y (we write instead of y also y(o')), with A: > 0, 

restricted to Xq, is not identically zero along Xq and is holomorphic on X; we call 
y an Euler vector field with center C, the corresponding holomorphic vector held 
on G to be dehned next an Euler vector field with center C*, etc. In the same 
fashion as above we can lift y to a meromorphic vector held on G, which after 
multiplication with t^ becomes a holomorphic vector held y* (also named xq) on 
G, and is yf 0 in general points of Xq ; it will do no harm assuming G to be normal. 
-Similarly we can lift y to a meromorphic vector held XG on G, which is holomor¬ 
phic and 7 ^ 0 in general points of Xq. It is clear that the choice of y resp. y 
determines the above mentioned holomorphic and meromorphic liftings uniquely. 
Euler vector helds depend (up to a multiplication with a factor without zeros) on 
the choice of the centers and the suitable choice of the so ’’hyperplanes” Ftp in F 
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with F\Hf = C". 

If nothing else is agreed upon, we may suppose (as mentioned above) that the 
section a : Y ^ X is general; especially we may suppose that cr(0) ^ S {= set of 
indeterminancy of /i) is a general point of Xq and that /r o cr(0) is a general point 

n 

of Xq . For continuity reasons (cr(0) is the limit of centers cr(t), t 0) the vector 
field X = x(o') has a zero in cr(0). 

If we can assume this generality assumption, we can guarantee, in the hypersurface 
case, that the holomorphic liftings xo on Xq, which we construct, have divisorial 
zeroes. 


We need that general orbital curves of xo = xl^o ^ fibers. It is for this 
purpose that we also study the meromorphic map ^ : X — >■ X = Y x P" and 
the Euler vector fields x on X in order to be sure that we construct x’s with the 
wanted properties. Here we use in an essential way that Xq = /r[Xo], which is 
a proper analytic subset of (0) x P™, does not lie in a proper linear subspace of 
(0) X P™, this means especially d = degXp > 1. 

One should have in mind, that Xq ^ F, i.e. Xq yf Xq, is equivalent to the assertion, 
that the x are not holomorphic along Xq. The statement, that the x are holomor¬ 
phic, is therefore equivalent to the statement that Xq = F. This equivalence was 
proved by Mabuchi in case F is a compact irreducible,hermitian symmetric space 
(see [21], p. 327); for F = a smooth quadric Q„, n > 3 a simpler proof is given in 
[24| . The assertion, that the meromorphic vector fields x have proper poles along 
Xq is equivalent to the assertion that general orbital curves of the xo He in /io—fibers. 

b. Lifting Euler vector fields, a first approach in the hypersurface case. 

First we study special liftings of Euler vector fields, living on n—dimensional flag 
manifolds F with 62 = 1- 


In this subsection 5.1 the proofs are carried out only in the hypersurface case - 
In this case we can employ that Xq yf Xq = P” is not a linear subspace of Xq, in 
the more general case we can only apply, that Xq resp. Xq is not contained in a 
proper linear subspace of P" resp. P'^, i.e. is not contained in a hyperplane. . 
Remember the notion of an Euler vector field on the projective space P" with ’’cen¬ 
ter” a = (ai,..,a„) resp. on F x P" with ’’center” {t,a{t) = (t, (ai(t),..., a„(t))). 
- Let H' = (Sq = 0) be suitably chosen, Zi = s'/sq for i = l,...,n,Y x C” = 
Y X P"\i7'. t, Zi ,..., Zn is a holomorphic coordinate system on F x C". We denote 
the Euler vector field 


n 

^(2i - a,) • 

i=l 


d 

d{zi - Ui) 


and the extension of this vector field to a holomorphic vector field on F x P" by 
x'. The orbital curves of x through a are exactly the P"—lines through a. Let 
(Ti : F ^ X be a section, denote := p. o ai, := fio oi. We can introduce a 
coordinate system, such that crj(F) = F x a. Let x = X {^ 1 ) b® tfie Euler vector 
field on X with zeroes (centers) along cfi{Y), where naturally Xt shall have an 
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isolated zero in ai(Y)t, let £ = X (cii) be the Euler vector field on X with zeroes 
(center) along a^{Y), corresponding to x which is constructed by extending 
x\Y X C" to a holomorphic vector field on E x F. 

On G there is a meromorphic vector field XQ with tp^,{xQ) = X ■ On G there 
is a meromorphic vector field XG with ip^XG = X • 

Proof: Let a = 0. See [52], p. 259. We only prove the existence of XQ- b’or 
our purposes we may suppose G to be normal, consequently general points of 
irreducible components of Gq are manifold points of G. Because of Riemann's 
removing singularity theorem it is enough to show the existence of XQ 
manifold points of G along Gq, the parameter t is one of the manifold parame¬ 
ters. Let rci, ...,Wn,t be local holomorphic parameters in a such a manifold point 
S Gq: let Zy = f^{wi,...,Wn,t) for V = l,...,n. For n > v,p, > 1 we have 
5u,ii = ■ §7^- We may interpret this as a system of equations for 

the unknown functions and solving this system of equations we get xg by 
identifying ^ =Y1, fn' finishes the proof. - This result and 

proof holds whether we aare in the hypertsurface case or not. 

By Xq we denoted the component of Gq which is mapped by ip bimeromorphically 
onto Xq. Recall that we assume po = p\Xo : Xq Xq not to be bimeromorphic, 
i. e. (in the present context) that maps Xq onto the proper subspace Xq of 
Xq] compare 2.3. By Xq we denoted the component of Gq which is mapped by p 
bimeromorphically onto Xq\ ip maps Xq onto the proper subspace Xq of Xq; again 
compare 2.3. The first proof of the next lemma only works, if Xq is a proper linear 
subspace of Xq = (0) x P", therefore certainly in the hypersurface case and in the 
case n = 3 ; naturally the lemma itself is true for arbitrary flag manifolds F with 
Picard number 1 and del Pezzo manifolds of degree 5 and dimension > 3. 

Lemma. The vector field xg is nowhere holomorphic on Xq ; Xq belongs to the pole 
set of XG-The vector field xq is not holomorphic in any point of Xq; Xq belongs to 
the pole set of xq. Here we suppose, that the center of Xq is a general point of Xq . 

(First) proof: It suffices to discuss xq. In the following subsections we compute 
XQ explicitely in general points of Xq resp. xg in general points of Xq. These 
calculations deliver (among other facts) our assertion. But first let us consider here 
another proof, which is more conceptual. 

We use: Xg is a linear subspace of Xg = (0) x P”, iff there is a nonempty Xq - open 
subset W of Xg , such that each point of this subset W can serve as the vertex of a 
cone which equals Xg , i. e. any P"-line connecting 2 points of this subset of Xq 
lies on Xg ; for a proof show, that, given such a W, IT\(a suitable hyperplane) 
is a non empty subset of a linear P”-subspace, i.e. show that Xq is a proper linear 
subspace of P", which cannot be. This means: As Xq is not a proper linear sub- 

, " u 

space of Xq = (0) x P”, there is an open, dense set of points {P ,...) on Xq such 
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that Xq is not a cone with vertex in one of these points P € {P ,...), i. e. a line 
through P and a general point of Xq meets Xq pointwise. 

It suffices to discuss meromorphic vector fields XG (coming from an Euler vec¬ 
tor field X on X with center C as described above) in general points P* of Xq, 
lying over points P = 'tp{P*), such that X^ is not a cone with vertex P . We 
may suppose x' ^ ^ 0 as the set of suitable P lies in a dense open subset of 
Xq. Assume that XG is holomorphic in these points P*. Because of V’* (xg) = x' 
and x' ) 7 ^ 0 we have XG (P*) 7 ^ 0- X ■= V* (xg) is holomorphic and 7 ^ 0 in 
general points of Xq. We can arrange matters that the P”-line I' C Xq through 
P' = C'HXq and P" meets Ag only pointwise. V is the closure of an integral curve 
of x'■ The orbital curve I* of XG through P* must necessarily lie on a fiber of 
because otherwise has to be an orbital curve 7 ^ I through P , a P"-line ly¬ 
ing in Xq . But this implies that x' = V'* (Xg) has a zero in P , which should not be. 

With other words: Assume Xq 7 ^ F. Suppose that for general holomorphic Eu¬ 
ler vectorfields x^ on E x P the (meromorphic) liftings x, XQ ^ resp. G are 
holomorphic; here we suppose that the center P of Xo is a general point on Ag ; 
identify this point with the corresponding point on Ag C (0) x P". Let x be the 
corresponding Euler vector field on A = E x P”. The holomorphy of xg implies 
V'*Xg = x' and that general orbital curves of xg on Ag are mapped by ip onto 
orbital curves in Ag, that general orbital curves of XG on Ag are mapped by ip 
onto orbital curves of x in Ag . As general orbital curves of x are P"-lines through 
P , Ag is a cone with vertex P . 

The set of these P'contains a nonempty, Ag - open subset, consequently Ag is 
a proper linear subspace of Ag, which cannot be by construction of /i. - This fin¬ 
ishes the proof of the lemma, q.e.d. 

In 1.2.C and 5.1.a we denoted by k the pole order of (xg) along Ag. x := 
■ ‘f* (xg) is holomorphic on Ag and 7 ^ 0 in a general point of Ag. Let us call x the 
holomorphic lifting of x resp x to A. Below we will see that ■ xg is holomorphic 
on G. - We have to point out that the proof above only gives a pole order fc, which 
possibly depends on the chosen x 

A better description of the pole order k will be given in the following. It will even 
turn out later that fc = 1 ; this equality (as will be seen) is closely connected with 
the realization that Lp*s vanishes along Gg with order one for general s € iL°(A, V). 
Compare 5.3. - The same arguments as used in the proof above give: 

The orbital curves (closures of integral curves) of x through general points of Ag 
lie in fibers of p,o. 

This statement about orbital curves is most important. Here we exploited the 
nonlinearity of Ag , implying that there does not exist a nonempty open set in Ag 
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such that any point of this set can serve as a vertex of a cone which equals , we 
used further that the orbital curves I of an Euler vector field on P" through the 
center P are all the P"—lines through P . 

Remark The proof above does not necessarily work, if only Xq lies in a proper 
linear subspace of (0) x P”. - For instance one can produce a bimeromorphic 
map ^ : y X P" —> F x P", biholomorphic outside (0) x P", where ^ [(0) x P"] 
is a proper linear subspace (0) x P" and where the assertion above on integral 
curves of certain Euler vector fields being contained in fibers is wrong, i.e. where 
the extension y is holomorphic, where no multiplication with is needed and 
where consequently correponding orbital curves C Xq are not all contained in 
fibers of hq; these Euler vector fields have centers lying in ^[(0) x P”]. - As an 
example of this sort consider the bimeromorphic map ^ : F x P^ —> F x P^, 
given by (t;po : Pi ■ P2) {t;t ■ pq : t ■ pi : P2) in general points, where 
(t;po : Pi '■ P2) G (0) X P^, with ^[(0) x P^] = (0;0 : 0 : 1) and (0) x {p2 = 0) 
as set of indeterminancy. Let the image space F x P^ carry the homogenous coor¬ 
dinates qo ■ qi ■ q2', let Xi be the Euler vector field given on the subspace <72 7^ 0 (put 
(72 = 1 and work with t,qQ,qi as parameters on this subspace) by <70^ + 9-® 

described above we can lift to a meromorphic vector field xi tbe preimage 
space F x P^ = F x P^(750,711,712); elementary computation shows that xi i® holo¬ 
morphic on F X P^(750,751,732) and is given on the subspace 732 yf 0 (put 732 = 1) 
by PO^ + Pi air-- If + 91^ by {qo - a)^ + {qi - b)^ with 

{a,b) yf (0,0) and lift the new Euler vector field to F x P^(75o,711,752), we get a 
meromorphic vector field with a proper pole along (0) x P^(750,751,752) 

c. Generalities on holomorphic liftings. For our purposes we may suppose (in 
most cases) G to be normal (thus we can apply Riemann’s extension theorem) and 
that t vanishes along all components of Gq with order one, which can be arranged 
by a base change. We will show: 

• XQ i® holomorphic on G. 

Suppose that there is a component K of Gq which is a pole set of order k* > Q 
of f9ke a K with a maximal k* > 0; naturally K ^ Xq. Then • XQ 

is holomorphic on G and not zero in any general point of K. There are orbits of 
dimension > 0 of ■ xq on K, which are mapped onto orbits of dimension > 0 
of • X on ATo- But • x bas zeroes in all points of Xo.The only orbits on 

Xq of ■ X are points. - Thus ■ XQ is holomorphic on G and Gq belongs to 
the zero set of this vector field. 

Let X be the holomorphic vector field on AT = Y x F corresponding to x -We 
call X = • p*x the holomorphic lifting of x resp. x to AT and call XQ ■= ‘ XQ 
the holomorphic lifting of x resp. x to G. We have p*XQ = X- Instead of XQ , 
XglAlpwe will also write x*, Xo- 

If G is not normal, let u : nG —> G be the normalization map, let x g be the 
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holomorphic lifting of x to ^G. Then XQ g is a holomorphic vector field 

on G, the holomorphic lifting of x resp. x to G. 

d. Remark. We already have at disposal nearly all of the main means to show 
theorem 1 (whereXg is supposed to be kahler). Let us give a (slightly oversimpli¬ 
fied) sketch, for more details see chap. 6. These general meromorphic vector fields 
X (living on X) and xg (living on G) are not holomorphic, let xgon G be the 
holomorphic lifting of x^ Xg is zero on Gq. - Let x = ^*Xg be the holomorphic 
lifting of such a vector field x' to Xf, x is 0 in all points of S* = (p{Gq), because xg 
is zero on Gq, each point of S* belongs to at least 2 different orbital curves of xo, 
general orbital curves of xomeet S*. They lie in /io-hbers. Suppose dim S'* > 0. 
Let the line I C F he suitably chosen. For t ^ 0 in F the curve x l'])t 

generates H 2 {X, Z) = Z, for reasons of continuity x l'])o should generate 

H 2 {X, Z) =H 2 {Xo, Z) —Z too. Therefore on the one hand (p{'tp~^[Y x /'])o has to 
be irreducible, as Xq is kahler. But on the other hand we can arrange because 
of dimS* > 0 and because of subsection 3.5, that (p{^p~^[Y x /'])o has at least 2 
components, compare the reasoning in the following subsection 6.2.e. Consequently 
S* must be a point. Thus we are in the hypersurface case, which can be handled 
as described at the end of this chapter 5. 

5.2. Lifting Euler vector fields in the case dimXfg = n — 1, a calculatory 
approach, a. Computing lifted Euler vector fields for F — a flag manifold 
with 62 = 1- a. Now to a different approach of the above, which is of a calculatory 
nature. In this chapter 5 we discuss mainly the ’’hypersurface case” dim Xq = n—1, 
the general case 2 < dimXfQ < n — 1 is handled in the next chapter 6 . - Look up the 
notations and the simplifications in 4.2, made for notational reasons. General fibers 
of ^\Xq, iP\Xq (i.e. general /XQ-fibers) are supposed to be irreducible, so we talk 
of fibers where we should talk of their components. We point out that sometimes 
we will identify homogeneous polynomials locally with inhomogeneous polynomials. 
We use the notations and conventions of 4.2, and also the simplifications made in 

4.2, where the fg are sometimes mixed up with the f~ etc. 

Let P' € Xq, P* € Xq with tpiP*) = P' be general (especially these points 
are manifold points), let Z 2 ,...,Zn be regular parameters in an Xq— neighborhood 
of P , which are centered in P . Have in mind the simplifications we are making in 
the following, for reasons of simple notations; according to 4.2 there is a general ho¬ 
mogeneous polynomial f^oi possibly high degree d depending only on Sq, ..., s„ on 
Xt for t ^ 0 with the following properties: [(/j = 0)] cuts the fiber of Xq —>• Xq 

through P* in a neighborhood of P* (analytically) just once; -^^,Z 2 , ■■■,Zn are on 
Xq regular manifold parameters in P*, centered in P*; here we denote by a the 
vanishing order of V’*/^ along Xq and think of the Zi as f~ possesses in P 
a local irreducibel holomorphic factor fg with vanishing order cr of '4’*fg along 

Xn, such that is in P* a local parameter and that and differ in a 
G-neighborhood of P* by a factor which is ^ 0 in P*. 
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Let / ■= fs- For computing purposes suppose that (s^ = 0) is tangent to Xq 
in the general point P = ipiP*) of Xq , and that Sq{P') ^ 0, but Si{P') = 0 for 

i > 1. We denoted zi = , Z 2 = . Consider ip* (zi- ^ + zi ■ ^ + ...). In the 

general point P* over P we have as parameters t, f = Z 2 , ...with cr =1. The 

lifted vector field has a pole of order k along Xq, where k equals cr (for notational 
reasons we suppose a =1 and / = /^), as the computations give, in the following 
we may assume because of 4.2 that k does not depend on the special choice of 
X as k = 1, compare 5.3. We can solve /' = 0 for zi, Zi = f + h with h not 
identically zero, as / cannot be linear, because otherwise Xq would lie in a proper 
linear subspace of (0) x P" The holomorphic lifting x is in general points over P 
of the form factor ■ where this time factor has a 1—codimensional zero set 
on Xq; this function factor should not be confused with the function factor a few 
lines above. For the verification of these announcements work in general points of 
Xq resp. Xq, where t,f = are local parameters. The holomorphic lifting is 

here of the form {zi ■ + - 2^2 • /z 2 + .■)^ + C *. The factor x (/ ) of not van¬ 

ishing identically along Xq resp. Xq (this has to be justified; see below), depends 
only on parameters defined in an X'—neighborhood of P ; the eoordinates Z 2 , ■■■,Zn 
stay constant along an orbital curve; eonsequently orbital curves have to lie in fibers. 

Let us reeord that in the hypersurface case the holomorphic liftings xo constructed 
above have divisorial zeros over (x if ) = OJCXq, whieh in general do not lie eom- 
pletely over Xq DPI , to be more precise, whieh are lifted Xq— hyper surfaees, which 
do not contain a component of Xq H . 

What counts in the preceding is: 1) P is a smooth point of Xq . 2) P belongs to 
the zero set of x ifs)- 3) (x ifs) = 0) cuts Xq properly. - One can guarantee 2) 
by choosing P as the center of x , as was done above. Property 3) still has to be 
discussed. 

Xo/ = 0 in all points of a non empty Xq -open set of Xq , means the same as, 
this open set C Xq is covered by orbital curves of Xq: because / generates modi 
the functions vanishing along Xg . Let us continue with this proof of the statement 
on orbital curves lying in fibers of /iQ. We are still in the hypersurface case. 

Remark. Let us already point out, that (here in the hypersuface case) cr equals 
the pole order k discussed in 5.I.C. This will follow from subsection 5.2.a./3 below. 
Compare 5.3 why fc = 1. 

In situations like this very often we write f~,f, ...instead of f’* f For 

the sake of simple notations we will often assume d = d, f = fj= fd^ already 
remarked. Furthermore we will often suppose for notational simplifying reasons 
a = a =1. From the context it should become clear whether / can be looked 
at as f~ or as fg. Naturally we will refrain from drawing unjustified conclusions 
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from these simplifying assumptions. 

13 . We continue to suppose a = l,we denoted / := /^; and we continue to 
suppose {zi = 0) to be tangent to Xq in the general point P' with 2;i = 0, 

= 0 in P , esp. not all partial derivatives of / in P should vanish, let x be the 
Euler vector field x = + ... + Zn^- on X . In a neighborhood of P we can 

write X = + -^2^ + ■•■ + Here gi can be described as 

+... + Zn^^. In a neighborhood of a general point over P* on Xq we may look at 
'^1 i ■ V'*(/ ) = /; as part of a parametersystem centered in this point. Mod t the 
lifted vectorfield, multiplied by t, can be written as V'*(5'i) ' ^ neighborhood 
of this point. 

Now take a second general vector field X2 = (^1 “ — o.n)-^ 

= hi-^+ {Z2 - 02)^ + ••• + {Zn - with hi = {zi - ai) ^^ 

... + {zn — cLn)^-, where Q = (oi, ...,an) € Xq is general. Suppose that X (/ ) = 
X2(/ ) = 0 on an open nonempty set of Xq . As Q G Xq is general, one gath¬ 
ers (vary Q' G Xq , fix (zi,...,Zn) G Xq) that Xq C (oi^ (zi,...,z„) + ... 

+(in§^ izi,...,Zn) = 0), i.e. that Xq lies in the normal vector space of the fixed 

vector (^- {zi ,..., z„),..., (zi,..., z„)), which is linear. But Xq cannot lie in a 
proper linear subspace of ( 0 ) x P”. Consequently: 

If the center G Xq of Xo is general, x (/ ) does not vanish in all points of a dense 
subset of Xq , i.e. does not vanish identically along Xq . - As a small movement 
of the tti doesn’t change everywhere inequalities, we can also state: If the cen¬ 
ter G Xq of Xo is general, x (/ ) does not vanish in all points of an open dense 
subset of Xq. If the center of x is a general point of Xq , the center is a zero 
of X (/ )• With other words: Suppose that for all or at least for somewhere on 

Xq dense sets of points (zi,...,Zn) G Xq, (ai,...,a„) G Xq (ui^ (zi,...,Zn) + ... 
+an§^ (zi,..., Zn) = 0 ). Let (oi,..., a„) G Xq be general. Then for all (21,..., z„) G 
Xq we have (zi ,..., Zn) + ... +anf|- (zi,..., z„) = 0), which is not possible. 

7. Remark. Now let x be an Euler vector field on X x P, where Xo has a (general) 
center on ( 0 ) x C” outside Xg . As in a. above, we can produce a holomorphic 
lifting Xo of X ) which has on Xq the zero set of the lifted Xoifd) S'® ^0^0 divi¬ 
sor. This time the orbital curves of Xo through the center meet Xg pointwise, 
thus Xg ^ ixoifd) = d). But this will not suffice to guarantee divisorial zeroes. 
Therefore we dealt in the preceding with Euler vector fields, whose centers on Xg 
belonged to Xg . - This statement also holds, if F is an arbitrary flag manifold with 
&2 = 1 or an arbitrary at least 3 -dimensional del Pezzo manifold of degree 5 , which 
are discussed below. 
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5.Important is: All vector fields xo of this type on Xq commute with each other 
([52], §10). Let be a general orbital curve of xo; lies in a general /xg-fiber 
and meets S* set theoretically in just one point, this point is set theoretically the 
only zero of Xol 7 o*'^\ analytically this point is a double zero of Xol 7 o^^^ Xol 7 o^^^ is 
is additive. - This statement holds for arbitrary rational flag manifolds with 62 = 1 
and in all cases m > 1 , and not only in the hypersurface case as will be seen below. 
Compare [24], 2.5, prop. 6. In the hypersurface case m = 1 one gets: Let (s = 0) 
be the zero divisor of xo on Xg. -xo must have a zero in the point Xq S* as 
here different orbital curves of xo meet. This implies easily that = 0) and Xg*'^^ 
are in Xq of degree one. iyo must have a zero in the point 7 g^ ' fl S'*. 

From that what was said in the preceding it is clear, that our results also do not de¬ 
pend on the special simplifying assumptions (i.e. irreducibility of general /ig-fibers, 
/ = fs = fd — /jj ^ = 1)1 made at the beginning of these computations. 

Remark. The / ,... are not meant to be derivatives. 

b. Some remarks on general /ig-fibers. Let us drop the assumption that 
general /ig—fibers are irreducible. Then what has been proved is, that the compo¬ 
nents of general /ig-fibers can be looked at (for our purposes) as orbital curves of 
additive holomorphic vector fields xoj holomorphic liftings of Euler vector fields, 
and thus are P^’s; compare subsection a.e above. 

Our computations above give that the holomorphic liftings xo on Xg have divi- 
sorial zeros D. Lemma 1 resp. its proof in [24] implies that D is of degree one in 
Xg and that the components of general fibers of Xg —>■ Xg are smooth minimal 
rational curves 7 q in Xg, i.e. of degree one in Xg. These 7 q can be looked at 
as orbital curves of additive vector fields Xgj which restricted to 7 q^ ' have a double 
zero in 7 g^^^ O Gg and no zero else. Let s G r(X, T>) be general, denote lp*s also 
by s- • Xg bas no zeroes in general points of Xg n Gg, therefore different com¬ 
ponents of general fibers of Xg — )• Xg cannot meet along Xg (7 Gg. But different 
components of such general fibers can only meet in Xg n Gg. Therefore general 
fibers of Xg — >• Xg are irreducible; over outside a proper analytic subset of Xg the 
map Xg Xg is a P^-bundle map. 

5.3. On the nondeformability of F = P", (mainly) the hypersurface case, 
a. General remarks on deformations of P". Let F = P”, suppose Xg ^ P" 
i.e. Xg ^ (0) X P”. Choose a curve G through a general point of Xg, lying bi- 
holomorphically over a neighborhood of 0 G T, which we suppose to be Y, let 
G := ti{C). With other words: G and G are sections in X and X over Y. We 
may suppose G = X x (0) C T x C™ = X x P'"\iL with H = (sg = 0). Let 
X be the Euler vector field on X = X x P" with centers along G . x bas H as 
divisorial zero. Then the holomorphic lifting x of x to X has ] = (sg = 0) 

as a divisorial zero. Consequently, according to [23], lemma 1, the attractor set 
S* is a point, all generic orbital curves of xo are rational and of degree 1 in Xg. 
Consequently we are in the hypersurface case dimXg = n — 1. Subsection 1.4 of 
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[24] delivers the nondeformability of P". 

b. Remarks in the hypersurface case: a. According to [23], lemma 1, we 
are in the hypersurface case. The computations in 5.2 show the existence of an 
additional divisorial zero of xo through C n Xq, i.e. the zero set of xo contains a 
divisor of degree > 2. Part is the divisor (sq = 0)nAro, which is in Xq of degree one. 
Let Dq be the other divisorial zeros of xo- Because of 62 = 1 there exists a mero- 
morphic function g on Xq having Dq as pole divisor and a multiple of (sq = 0 ) fl Xq 
as zero divisor. The holomorphic vector field r] ■= g ■ Xo has (sq = 0)^ fl Xq with 
j > 2 as divisorial zero, g and xo have the same general orbital curves.The only 
possibility is j = 2. The restriction r?| 7 o of 77 to a general orbital curve 7 q has 
a double zero in A*.We can consider ^ ■ 77 as a valued holomorphic vector field 
on Xq, having no zero in S*, an impossibility, as there are different generic orbital 
curves of 77 which meet in points of S*. 

(3. The preceding part of this chapter 5 gives: Drop the assumption F = P". 
If such holomorphic liftings xo have divisorial zeros (if these exist they are nec¬ 
essarily of degree 1), we are in the case F = P" and are done according to [24] . 
theorem 1. In the hypersurface case such holomorphic liftings xo have divisorial 
zeros, necessarily of degree one. If dimP’ = 3, we are in the hypersurface case. In 
the following we can suppose dimXg > 2, F ^ P”, if nothing else is explicitly 
agreed upon; the last assumption has a bearing, if the adjunction formula is ap¬ 
plied, because then we can make use of ci(F) < ti -I- 1.—These assertions follow (as 
already mentioned) from |S2], (10.3), case 1, p.278. 

5.4. Further commeuts ou the proof, that P" is (globally) uoudeformable. 
a. Ou Siu’s proof. Let us illustrate how Siu’s proof fits into our set up for 
F — P”, where we study the bimeromorphic map g : X ^ X = Y x P" with 
W = P" for t 7 ^ 0, i.e. where g is biholomorphic outside Xq. Partly we are repeat¬ 
ing ourselves. 

We denoted the graph of g by G. Suppose that Xq is not biholomorphic to P", 
i.e. that the fiber of G over 0 € F is reducibel (compare 2.3). This fiber Go has 
at least two different components Gq and Xq , where Gq is a proper modification of 
Xq and where Xq is a proper modification of Xq, the attractor set S'*equals (^{Gq), 
g and gQ are indeterminate in each point of S*. Let x be a general Euler vector 
field on X the center of which on Xq lies on Xq = /i[Xo]; x on X has a divisorial 
zero (s' = 0) of degree one, i.e. where s' G FI°{X',V'), because of X' = F x P”; 
here V is the line bundle defined by the P"-hyperplanes; we may identify s with 
a homogeneous polynomial of degree one. Let s be the corresponding associated 
section G F[^{X,V), we may identify without loss of generality s with Sq and s 
with Sq. Let X be the holomorphic lifting of x to X and let x* be the holomorphic 
lifting of X to G, x* vanishes along Gq. 

Let 7 o^^^ be a general orbital curve of xo- meets S*, we may suppose in 

one point, which must be a double zero point of xo: as Xol7o*'^^ additive. Dif- 

*( 1 ') 

ferent orbital curves of xo meet in 7 q ^ ' n A*. Consequently the holomorphic line 
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bundle valued vector field jxo has a zero in fl 5* and (s = 0) meets in 
7 q^ n S'* analytically just once, ^-y* is a line bundle valued holomorphic vector 
field on G. 

First a few words on the hypersurface case dim Jfg = n — 1, i.e. the case, where 
a general /ip-fiber is of dimension m = 1: Direct computation shows (see above) 
that besides (s = 0 )|Xo the vector field xo has still another zero divisor (h = 0 ), 
we may suppose that(h = 0) meets 7 o^^^ n S* because of ^ 2 (^ 0 ) = 1 (there is 

no torsion), in this intersection different orbital curves of xo meet. One does not 

1 ) 

get rid of these other orbital curves through the point 7 o O S'*by constructing 

TT^Xol 7 o^ I which is holomorphic in the point 7 q' n 5"* and must have a zero 

*( 1 ) 

here because of the other orbital curves going through 7 q ^ ' D S*. But this implies 
that on the rational curve 7 q the vector field xo| 7o has at least 3 zeros which 
cannot be as exactly 2 zeros (counted with multiplicities) have to be expected. - 
This contradiction proves Xq = P" (in the hypersurface case). 

Taking now already into account Siu’s procedure say of |52) resp. the following 
chapter 8 , one can handle the non hypersurface case m > 1 thus: Let the holomor¬ 
phic lifting Xo have (s = 0) as zero divisor, let fib be a general /rp-fiber. According 
to chapter 8 resp. Siu fib is a P™, where m = dim fib, and S* C P™ is a hy¬ 
perplane, the infinity hyperplane of P™. We can arrange that fib fl (s = 0) = S'* 
analytically. Consequently hyp is 7 ^: 0 in general points of S*.The decisive property 
of Ap in this proof is: yp has a zero divisor. The additivity of yp with a double 
zero of yc| 7 p in 7 p C S* follows from the fact, that 7 o is rational and that 
different orbital curves of yp meet in 7 q fl S*; the only zero of yc| 7 p is the 
double zero in 7 g^^^ fl S*. 

There exist on Ap holomorphic liftings yg^^ := yp,..., Xp"*^ with the following prop¬ 
erty: Xo^^ ^ ■■■ ^ Xp"*^ can on A be written as s"* ■ K, where A is holomorphic on 
A and 0 in all points of S*. One can show that A has a zero divisor ([52], p.278), 
without restriction (s = 0), i.e. we can write Xo^^ A ... A Xg™^ = 5 ™+^ • A, where A 
has no zeros, because of Ci(fib) = ci(P’") = m-|-1. But this cannot be, as different 
general /io-fibers fib meet along S*. 

Very satisfying in the case F = P" are those non deformability proofs which use 
|24) . lemma 1/theoreml/Cor.l or related arguments; but compare also the somehow 
related result of the next subsection d below. On the other hand, Siu’s procedure 
in, say (55], seems to be stronger, can be improved and extended in order to get 
stronger non deformability results (theorem 2 and 3) for F P". 

b. Another approach to the global rigidity of P". The subsequent proof 
belongs to the context of 5.1.and can be considered (with more than just cum 
grano salis) as a new proof of the P”- non deformability. The following situ¬ 
ation can be realized: Let F — P”, T) the positive generating line bundle on 
A =Y X F gY P^, V the positive generating line bundle on A, s G A°(A, V) 
and s G A°(A , T) ) associated elements, y a general Euler vector field on A with 
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a center on Xq in Xq and with (s = 0 ) as divisorial zero, x the holomorphic lifting 
of X to X, X* the holomorphic lifting of x to G (= graph oi fi : X ^ Y x F), 
ip : G.— X, Ip : G ^ X = Y x F the corresponding projections, ■ x is a line 
bundle valued holomorphic vector field on X, • x* is a line bundle valued holo¬ 
morphic vector field on G. 

Let be the orbital curve of • x* through a general point of a general 

fiber fib of Xq % Xq, we can interpret also as a subset of Xq. 7 q^^^ is met 
by (s = 0) pointwise just once, namely in the point P* = Gq fl X^ n 7o^^^- Here 
we use the additivity of x* along 7 q^^^ If the intersection multiplicity of (s = 0) 
and in P* would be two, ^ • x would be 7 ^ 0 in the point ip(P*). This is 
not possible as different orbital curves of ^ • x meet in ip{P*). A higher intersction 
multiplicity in P* is not possible. 

Thus (p*s vanishes along Gq with order 1, P* is a zero of ■ x* of order one, 
because • x has a zero in as different orbital curves of • x meet in ip{P*), 

G is smooth in general points of Gq. It can be seen that the pole order k introduced 
in 5.1. a equals I: Otherwise x* vanishes along Gq with order > 2, -x* vanishes 

along Gq with order > 1 , which is not possible. 

There are plenty of choices for x and we may assume that x is not zero in 
general points of Aq . The reason: Aq is not a linear subspace of (0) x P" and 
therefore in general the lines of ( 0 ) x P” through the center of x meet Aq pointwise 
also in points 7 ^ center, in these points x is ^ 0 , but locally x can be identified 
here with the image of • x* |Gq. Thus • X* l^o i^as no zero over general points 

P of Aq . But over such points two orbital curves of -x* meet, one lying in such 
a fiber fib over P , one lying on Gq, -x* should have a zero in these intersection 
points. Contradiction.- Remark: We used X (-H ) ^ 0 and that the orbital curve of 
X through P does not lie on Aq in order to be sure, that over a neighborhood of 
P the orbital curves of ^^7 • X* through points of Gq 7 ^ center stay in Gq. 


6. On a proof of theorem 1. 

6.1. The main purpose of this chapter. We continue to use previous notations. 
Let r:A—:=(|t|<l)bea deformation map, i.e. a holomorphic, proper, sur¬ 
jective, regular map r : A —>■ Y, where A is a (connected) complex manifold, let 
A be a rational homogeneous complex manifold with Picard number 1. Let r be 
differentiably trivial As the homology groups of F are without torsion ( 0 ), duality 
and H^{F, Z) = Z give H 2 {F, Z) = Z. Suppose that for t 7 ^ 0 the fiber A* := 
is biholomorphic to F and that Aq is kahler. These assumptions allow to prove 
global rigidity, i.e. theorem 1. It seems worthwhile to outline first a proof of the 
simpler theorem 1 before discussing the general case of theorem 2 , as in the case of 
theorem 1 we can de facto neglect chap. 7. 

In a first step we have to make sure (in the case of theorem 1) that general /XQ-fibers 
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contain minimal rational curves, which is not difficult. 


6.2. A discussion in case Xq is known to be kahler by assumption, a proof 
of theoreml. a. For our purposes we may continue to suppose that general /io- 
fibers are irreducibel. We can arrange the following situation described in a, b, c: 

There are general points P* € Gg, Q* G Xq (i.e. general with respect to Gg 
resp. to Xq) with Q* ^ GJ, such that P‘ := 'ipiP*) ^ Q' := V'( Q*) ^nd that Q' , 
P can be joined in Xq = F hy an F— line I which meets Xq pointwise and such 
that {^\Gq)~^[1 ] is a curve, which does not lie in a fiber of Gg ^ S* 

The existence of such a line I is a consequence of 3.5, as ■0 induces a bimeromorphic 
map Gg ^ Xq = (0) x F and as we may assume that this map is biholomorphic 
in P*; so we may apply 3.5, as for practical purposes we are operating on F. We 
may wiggle Q , P a little bit suitably, if we are compelled to. We start with Q , 
choose subsequently I through Q such that {^\Gq)~^[1 ] does not lie in a fiber of 
Gg —>■ S'*. Then we fix P* etc. 

We construct a section Y ^ G* through Q* G Ag with G = tp^G*). Let L cYxF 
be the family of the =line in (t)xF through the point Cf of C over t & Y in the 
direction of I . G^ and the direction uniquely define L^. Define L ■=.(p(yp~^[L ]), 
L* := ]. Here we work with the C^-coordinates of the Bruhat embedding of 

C” = F\Hf discussed in chapter 3, we assume Gj G C". It will do no harm to 
suppose L = Y X I The holomorphic maps L* ^ L, L* ^ L are bimeromorphic 
and have connected fibers. 

The family L has the following properties: For t ^ 0 the fiber Lt is a minimal 
rational curve in Xt = (t) x F = F. Lq decomposes into at least 2 components, 
one component Lq^ ^ C Gg .lying biholomorphically over I = Lg, and at least one 
component Lq through Q*, lying in the /ig- fiber through Q*. 

b. Now we are going to use Xq to be kahler, i.e. in our case projective. All 

Lj C Aj , t 7 ^ 0, are minimal rational curves. Consequently for reasons of conti¬ 
nuity Lq represents the positive generating element in.iL 2 (Ag, Z) = Z and cannot 
decompose as Ag is kahler, there are no zero homologous (unions of) curves on Ag. 
The induced map Lg^^^ —>■ can be supposed to be biholomorphic, 

does not lie in S*, but meets S* in a finite set of points.. The image of Lq^^^ in S* 
must be a point. 

c. We have only to discuss the case dim S* > 0. Let fib be the hber of Gg S* 
through P . Because of the subchapter 3.5 on rational connectedness by chains of 
lines we can choose I , such that ] meets fib in P pointwise. The image of 

] in S* is a curve. This curve should be a proper component of ^(Lg), which 
cannot be, as :^(Lg) must be irreducible. Therefore S* must be a point. This case 
already has been discussed, as the arguments used in the P”case work in the case 
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dim S* = 0 for all flag manifolds F with 62 = 1 Theorem 1 is proved. 

This approach depends heavily on the kahlerness of the central fiber Xq. We will 
briefly indicate the approach to theorem 2 , specialized to the case of theoreml. 

Remark. These arguments also work for del Pezzo manifolds of degree 5 delivering 
global kahler non deformability of these spaces, a property which is well known. 


6.3. Another proof of Xq = F under the assumption that Xq is kahler 
(theorem 1), a sketch. As we may replace Xq by a canonical resolution Xq* of 
singularities (i) it is not a restriction to assume Xq to be smooth. Because of 
[24] , p. 331 general fibers of Xq —>• Xq are biholomorphic to P™. This can be used 
to show dim 5* = m — 1, and that S* is contained in all /XQ-fibers. In chapter.8 we 
will discuss this matter. 

There is only to prove something for F ^ P". We may suppose that any general 
fiber fib = P™ of Xq Xq contains a minimal rational curve. Then Xq —>■ Xq is 
over general points of Xq a P'^-bundle. Take a general line I in such a P™, I is in 
Ao a minimal rational curve, i.e. an irreducible curve of degree 1 in Aq, a rational 
curve, as for general s G r{X,V) the zero set (s = 0) meets I analytically just once 
(in I n S*)- we have T(P"*)|Z i;: 0{2) © 0(1)"*“^, therefore we can assert 
(^(l)m-i ^ jg vector field in a neighborhood of I which induces on I a vector 

field with a double zero in I Ci S*. 

Proof: Provide P™ with inhomogeneous coordinates zi, , consider the vector 

fields Pi := zi{zi ■ ... +Zm ■ Q 2 ■= zi ■ Qm ■= and their 

A—product.This gives the assertion. 

Similarly as in chapter 5, where dim S'* = 0 was discussed, one shows that the 
normal bundle of I in Ag, is generated by sections having a simple zero in 1 n S* 
and are linearly independent in all other points of 1; invoking the adjunction formula 
2.5./3 and a well known theorem of Grothendieck on splitting of vector bundles we 
get ci(Ao) = ci(F) = n + 1, a contradiction to ci(P) < n + 1; it suffices to show 
ci(Ao) > n + 1, suppose that (s = 0) fl fib = S* resp. ^(Gq fl fib) = S* and that 
(s = 0) meets I just once and this in ICiGq: 

There is a smooth Aq — neighborhood U of P” :='tjj{fib) such that fl Aq 

can be written as fib x U and such that U carries a (ici,..., coordinate 

system centered in P”. Extend -^;j:,i = 1, ...,n — m, trivially to vector fields on 
fib X U, call these extended vector fields too extend the pj too trivially to 
fibxU,j = 1,...,TO. The bundle T(Ao)|l is generated by pi, p 2 , Pm, 

( dwn m ^ equals the bundle G(2)©0(1)”“^ over the rational curve 1. T{Xq)\1 

equals T{1) /Xo ■ The normal bundle T{Xq)\1 /T{1) = ^i/Xo of ^ -^0 is gener¬ 
ated over I by (the restrictions of) p 2 ,..., Pm, —)■ This implies 

the contradictory statement ci(Ao) = ci(F) = n + 1. - This finishes this sketch of 




DEFORMATIONS 


61 


the proof of theorem 1. q.e.d. 


7. Holomorphic liftings of Euler vector fields in the general case m > 1, 
the proof of m = g, a calculatory approach to a proof of theorem 2 
(and 3). 


a. Some notions; some statements to be proved. We continue here and 
in the following to stick to the notational agreement of the last remark in 1.2.c. - 
Now we will drop the assumption Xq being kahler made in subsection 2.of chap¬ 
ter 6. This chapter 7 will be a continuation of chapter 5. - Let us continue /r to 
be defined by r and so,...,Sn G H^{X,'D) with associated So,...,s„ G H^{X ,V ), 
(Y X F) (1 (sq ^ 0} = Y X C", (F X F) n (sg = 0) = F X Hp. Suppose that the 
Euler vector fields on F x F we work with, considered as vector fields on F x P", 
have on (0) x P” centers G Xg, if nothing else is agreed upon. 

We denoted by m the dimension m = n — dimXg of a general /lo-fiber. - For 
our purposes we may suppose (in most cases) G to be normal and that t vanishes 
along all components of Go with order one, which can be arranged by a base change. 
From 5.2 and from 7.1.b and c. below we get: There is an integer fc > 0, such that 
■ XQ (bere XQ ~ ^*X ) is holomorphic on G and and not zero in a general point 
of Xq. - Let X be the holomorphic vector field on X = Y x F corresponding to 

x'- 

We call XQ ■= tbe holomorphic lifting of x resp. x to G. We have = X- 
Instead of xq we also write y* and instead of Xq\Xq we use also the notation yj. 

As fc > 0, orbital curves (=closures of orbits) through general points of Xq lie 
in /Tg-fibers. 

We call these holomorphic liftings (and their restrictions to Xq resp. Ag) also 
Euler vector fields and speak of their centers, compare 5.1. 

Warning. We distinguish between liftings and holomorphic liftings. 

Let ^ be the collection of all sections d : F —>• A \ iL, ^ be the collection 
of the corresponding sections a = p.oa-. Y^X\F[. Here 77 = (sg = 0), 
H = (sg = 0) are the infinity hyperplanes. For a G X) let x (d ) be the Euler 
vector field (resp. vector field of Euler type) on A = F x P” with zeroes along 
d (F) (look at this set as path of origins d (t), t G F, as the set of centers of x (d )), 
let x(f) ) Xg(^) be the corresponding holomorphic liftings on A, resp. G, we are 
going to construct below, i. e. the meromorphic liftings already multiplied with an 
appropriate power of t, such that x(f)j Xq(^) ^^e holomorphic and do not vanish 
identically along Ag resp. Ag; we will call x(d) , Xa(^) holomorphic liftings; (for 
TO = 1) we introduced the notion of a holomorphic lifting already in chap. 5. 

There is a g G N with the following property: There exist ai,...,aq G X; such 
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that x(o'i)) ■■■iXis^q) linearly independent in general points of Xq; for all fami¬ 
lies of g-f 1 sections cti, ct^+i in ^ the vector fields x(o'i), x(cg+i) &re linearly 
dependent in all points of Xq. The closure W{P[j) of an integral manifold (orbit) 
through a general Pq S Xq corresponding to x(o'g) is called an orbital va¬ 

riety; these orbital varieties only depend on the wedge product xi’^i) A ... A xi^g)- 
If g = 1, we have an orbital curve; this case was discussed in chap. 5. 


We will show that always m = q and that the orbital variety through a general.point 
of Xq is the (componet of) the po-fiber through this point. 

b. Lifting Euler vector fields. Proof of to = g. We continue to use the 
notations of 4.2. At the beginning let us assume that F is compact, irreducibel, 
hermitian, symmetric; this implies that translations of F\Hf = C" are induced by 
biholomorphic maps F ^ F. Suppose first n = 4, to = 2, dim Aq = 2. For reasons 
of notational simplicity we will assume that Ag is analytically in general points 
P the common zero set of t, f^ := f^g and /2 := f^^-, and furthermore we can 


assume, that V'*/!) ’4’* f 2 vanish along Ag with the same order a 
andt,^ 


A 


jpffi PJ2 


— are local parameters on G with center in a (chosen) general 

n ^ 


(/,j=4j=0) 


point P* of Ag C G, P its image in A the map 

X is biholomorphic over P , here U* is a suitable G-neighborhood of P . f 2 g_ 
and fi, /2 are analytically independent. In a neighborhood of P* we may for our 


purposes identify the two pairs 
discussed in 5.1 equals a". 


b*/,. 


b*/,, 


and 


JffJi 


The pole order k 


Now we make for reasons of simple notations the same simplifying assumptions 
as in 4.2, 5.2, namely a" = 1, d = d, f'^~ = fi, f'^~ = f). We have to be aware of 
these simplifications in interpreting our computations. 

Denote zi = Z 2 = ^Suppose {zi = 0) and {z 2 = 0) to be tangent to 

Ag in the general point P given by zi = 0, ..., = 0 , let the holomorphic vector 

field x(^i) on A correspond to the Euler vector field X i.^i) = + ..• + 

on A . Identify fi, /2 with their corresponding functions in zi,...,Zn. In a neigh¬ 
borhood of P we can write x (o'!) = + ^ 2 ^ + ^ 3 -^ + ■■■ + ^n-^- Here 

gj, j = 1,2 can be described as zi— ^ q))' —h... -I- Zn-^- In a neighborhood of a 

general point over P on Ag we may look at t, j • V'*(/i) = /i, 7 • V'*(/ 2 ) = /z as 
part of a parametersystem centered in this point. Mod t the vectorfield x(o'i) can 
be written as tp*(gi) ■ -f ^’*(< 72 ) • ^ in a neighborhood of this point. 

Now take a second general holomorphic lifting of an Euler vector field x('^ 2 ) with 
the corresponding x'(o' 2 ) = ^ 1 ^ + ^ 2 ^ + (23 - 03 )^ + + {zn - an)af;: 

with hj = {zi - -f ... -f {z^ - an)|^, j=l, 2, with Q' := p{a 2 {Q)) 
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= (ai,...,a„) € Xq general. Suppose that Xi = 51^ 

<^J 1 


hi^ 

9fi 


h2^ 

9/2 


X 2 = 

are linearly dependent in all points of an open nonempty set of 


52 A and 


( 

df'i] 

( a/2 


1 dzi > ■ 

dZr, j ’ 

1 92=1 > ■ 

dz„ j 


are linearly independent in general points of 


Xq , there must be for a general, but fixed ( 21 , Zn) G Xq a linear relation between 
the components of arbitrary general (ai, ...,an) G ^0 > implying that Xq lies in a 
proper linear subspace of (0) x P”, compare the reasoning in chapter 5, subsection 
5.2: We are looking for general points a = (ai,...,a„) G Xq, z = (zi,...,z„) G Xq 

such that the rank of 21 :=( ^ ^ ) equals 2. The rank of 21 :=( ^ ) equals 

hi h2 hi h2 


the rank of the product 



22 

02 


flzi (-^17 •■•) /221 

( A 22 /222 ) -We may suppose 


that for general 2 = (zi, 


/121 ■*■) /221 

0 G Xq the hrst two lines in ( 


are 


linearly independent and that (zi ,..., Zn) ■ ^§^(-2), is 7^ 0 in z, compare 

the treatment in subchapter 5.2. We can find (ai,...,a„) G Xq such that {zi,Z 2 ), 
( 01 , 02 ) are linearly independent, because otherwise Xq would lie in a hyperplane, 
which cannot be, we have det(2t) 7 ^ 0. With other words: Suppose that for all 
choices O =(0,..., 0), a and z of 2fg we have det(2t) = 0. det(2l) is of degree 1 with 
respect to the at. Fix a general z G Xq , such that det(2l) = 0 is a non trivial 
linear equation for the ai, i = 1, If det(2l) = 0 for all a G Xq , 2fg has to 
lie in a proper linear subspace of Xq, which cannot be. Thus we have outlined an 
inductive proof by describing the beginning and the first inductive step. So for 
instance if m = 3, we consider Euler vector helds with centers in different general 
points O=( 0 , ..., 0 ), a = (ai,...,a„) , b = ( 61 ,..., 6 „) of 2 fg , where Xq is defined 
in general points as t = /^ = /2 = /g = 0 , the reasoning above gives that the 
holomorphic liftings of the first two (properly chosen general points) are linearly 
independent in general points of Xq, here we work as above with /i,/ 2 , and we 
let subsequently {bi ,..., 6 „) vary with fixed z, a similarly as above in order to show 
q = 3, employing that Xq cannot lie in a proper linear subspace of Xq, by consid- 

f ••• \ / fi^{z) \ 

ering ^ = I - I ' I /iz2 f2z, - I ■ 

We have to look for general points z, a,b on Xq such that det2l7^0. Choose 
z, a, such that det2l = 0 leads to a nontrivial linear equation in the b^’s. - Here we 
discussed m = q = 2 and (addressed briefly) m = q = 3.The cases to = 3 or even 
TO = 2 can be considered already as the general case, where we encounter multivec- 
tor fields x((Ti) A ... A x(<^m) | -^0 and have to show m = q. The computations in 
the case to = 2, to = 3 show how to deal with the general case. - It is clear, that 
we can extend these results for special z, a, b, ..to the case of general z, a, b because 
of the identity theorem for holomophic functions. 
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In general (if nothing else is agreed upon) we will suppose in the following ad¬ 
ditionally that the Euler vector fields on X resp. X are vector fields having their 
centers on Xq resp. Xq in general points of Xq resp. Xq . 

Thus it can be claimed that m = q and that (the components of) general fj,Q- 
fibers are orbital varieties for all flag manifolds F with 62 = 1. 

c. Clearly in the general (not only in the hypersurface) case we have; All vector 
fields xo of this type on Xq commute with each other f\52\. %10). Let he a 

general orbital curve of xoi then Xo|7o*'^^ 'i-s additive;comjpaie (the proof of) [24], 
2.5, prop. 6 .(i). 


8 . Theorem 2 (and 3), proof of Xq = F without assuming Xq to be 

KAHLER. 

8.1. On a result of Siu,the structure of general ^o-fibers. a. Some no¬ 
tions; some statements to be proved. We continue to use the notations in¬ 
troduced above, fi is defined by r resp. t and so,...,Sn S F['^{X,'D) with associated 
so,...,sl e H°{x',v'), (y X F) n (so 7^ 0) = y X C", (y x f) n (sq = o) = y x Hf. 

Suppose that the Euler vector fields on y x F we work with, considered as vector 
fields on y x P", have on (0) x P” centers £ X^ n (sg yf 0), F is supposed to be a 
flag manifold with Picard number 1, if nothing else is clear from the context. All 
essential arguments can easily be adapted to del Pezzo manifolds of dimension > 3 
and degree 5, it will be pointed out, if non trivial different arguments have to be 
employed. 

Pirst let us suppose that Xq is a complex manifold. Then any (component of a) 
general fiber fib of i/’lAg resp. ^\Xq is an orbital variety of the type ly(Fo) = P™, 
described above in 7.a., which can be identified with a general /ig-fiber (component) 
of Xq ^ Xq. Because a reformulation of [52], 10.2 by [21], P- 331) says: Let fib 
be a component of a general /rg-fiber. Given m holomorphic Euler vector fields on 
Xq, i.e. holomorphic liftings, additive holomorphic vector fields, inducing on the 
moishezon manifold fib an effective (C+)'"-action, and if each of these vector fields 
vanishes on a fixed big Cartier divisor of fib, then the general orbital variety fib 
is biholomorphic to P™ 

From 4.1.f one gathers: Gq cuts every component of a general fiber of Ag —>■ Xq 
in codimension one, i.e. Gq cuts every component of a general hber of Xq —> Xq 
in codimension one, every component fib of a general ^g—fiber cuts S'*in codimen¬ 
sion 1; a similar statement holds for the other components Ag** Ag of Gq. The 
arguments of [52] imply that fib fl Ag** n Gg = fib fl Gq analytically. Therefore it 
suffices for our purposes to discuss the case Gg = Gg U Ag in order to describe the 
procedure (, if we wish, otherwise we have to replace Gg by the union of the com- 
ponenets yf Ag of Gg). GgPlAg is on Ag a Cartier divisor. All general holomorphic 
liftings Xo of Euler vector fields x on y x F vanish on Gg fl Ag. These holomorphic 
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liftings Xo are additive (compare [21], p. 329). For any general s G H^{X,V) and 
any general fiber fib of fio the intersection ^*((s = 0)) Dfib is a big Cartier divisor 
on fib which equals Gq fl fib. 

Thus Siu’s theorem mentioned above ((52], 10.2 and [24], p. 331), says: If each 
holomorphic lifting y of an Euler vector field y restricted to such an m-dimensional 
generic orbital variety (i.e. in our case to a component of a general ^o“fiber) 
fib C Xq vanishes on the intersection of fib and a fixed Cartier divisor (here 
Gq n fib C Xg, which induces on fib a big divisor, then the general orbital variety 
fib is biholomorphic to P”^. 

Essential is: We can look at fib as a (component of a) hber of Xq -x Xq . Let 
s G T{X,'D) be general; we may identify set theoretically /j6nGQwith fibn{s = 0). 
We need that the reduced analytic set fib fl Gq is a /i 6 -Cartier divisor, this is the 
case if analytically (not only set theoretically) fib fl {ip*s = 0 ) = fib fl Gq; we 
need that there exist minimal rational curves,i.e. curves of degree 1 in Xq, i.e. 
lines in Xq, which lie in general ^o-hbers. In general we do not know whether Xq is 
smooth. Up to now we have not yet shown S* C fib. - First let us desingularize Xq . 

b. Canonical resolution of singularities, existence of lines in general 
/tq— fibers, related matters. Suppose that Xg has singular points. According to 
[ 6 ], theorem 13.4 there exists a canonical resolution p : Xg* —Xq of singularities, 
even a canonical resolution X** -x G; holomorphic vectorfields on Xg can be lifted 
to Xq* (see [52], §4, Canonical resolution of singularities and the liftings of vector 
fields, p. 262 -263), esp. the holomorphic liftings yg on Xq of Euler vector fields 
y on X to holomorphic vector fields yg* := p*yo on Xq*, these are additive, we 
have p*(yo*) = Xoi ^*( P*(Ao*)) = Xo, certainly yjj* has a (reduced) zero divisor 
(s = 0 ) lying over and coming from Gg fl Xg; here s is a section in a suitable line 
bundle vanishing with order one along the inverse image of Gg D Xg. Let P** be 
a general point of (s = 0), P = ip{p{P**)) its image in S*. Let 7 ** be an orbital 
curve of Xo* through P**; y 5 *| 7 ** has 2 zeros (we count with multiplicities), iyS* 
is a line bundle valued holomorphic vector field on Xg* in an Xg*—neighborhood of 
7 ** having on 7 ** in P** a zero with order at most one. At least 2 different orbital 
curves of yo meet in P because of P G S'* = ^(Gg). Therefore the image of iy^* 
in P has a zero in P, consequently (s' = 0) meets 7 ** in P** with order one. This 
coincides with the additividy of yQ*| 7 **. Any general fiber fib of ipop : Xg* ^ Xg 
is smooth and decomposes into disjunct components . - In order to have a short 
notation let us use the same notation for holomorphic vector fields on Xg and the 
corresponding vector fields on Xg*. Let us call vector fields on Xg* holomorphic 
liftings if the corrsponding vector fields on Xg are of this type. 

yg*| 7 ** has analytically two zeros, i.e. a double zero, and this double zero is 
situated in 7 ** n p~^{Gq). Other orbital curves C fib of yg* meet 7 ** at most in 
7 ** n p~^{Gq). Have in mind: Let I be an orbital curve of yo through tplp^P**)). 
(fj o p)~^\Y X Z ] n fib must be connected, any pair of different components of this 
analytic set meet each other at most in a point of p~^{Gq). 
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According to chap. 7 we can find on X** holomorphic liftings xivA™ of Eu¬ 
ler vector fields on X with the following properties: There is a point Pq S fib 
outside p“^(G'o), such that are linearly independent in Pq. Any set of 

m + 1 holomorphic liftings of this type is linearly dependent in all points of fib. 
Each Xi has exactly p~^{Gq) fl Xq* as zero divisor. The Xi, * = !> commute 
with each other, fib is the topological closure of the corresponding integral mani¬ 
fold in fib, defined by the Xilf'^b, i = 1, ..., m. 

The arguments of [55], esp. §7-§10, imply that (the components of) general fibers 
of Ag* —>• Xq are P"*’s and that fib fl p“^(Gg) can be identified with the infin¬ 
ity hyperplane of P™, the integral manifold alluded to can be identified with fib\ 
P~^{Gq), compare also [24], p. 331. 

Siu’s arguments apply to Ag* ^ Ag , regardless whether the divisor Gg n Ag is a 
Cartier divisor on Ag or not, as the proper inverse image of GgPlAg on Ag* induces 
a big Cartier divisor on (the components of) any general fiber of Ag* —>■ Ag ; thus 
the components of general fibers of Ag* —)• Ag are P™’s and their intersections with 
p“^(Gg) are the infinity hyperplanes. Suppose that general fibers of Ag* ^ Ag 
are irreducible; then over general points of Ag the space Ag* is a P"*-bundle. 

Now let fib be a general fiber (resp. a component of a general fiber) of Ag —>■ Ag ; 
then the induced map p~^{fib) —>• fib is discrete, i.e. p~^(fib) —>■ fib is the nor¬ 
malization map. Because suppose that the induced map is not discrete. Then 
there exists an irreducible curve in p~^(fib) the image of which in Ag is zero ho¬ 
mologous. But then the images of all curves C p~^{fib) = P™ in Ag are zero 
homologous, as i72(P™, Z) = Z. Consequently the induced map p~^{fib) fib is 
the normalization map. For our purposes we may even suppose that Ag* —>■ Ag 
is the normalization map; one can assume without doing harm that in a neighbor¬ 
hood of fib the graph G* decomposes only in Gg and Ag. The validity of these 
statements depend decisively on the fact, that holomorphic liftings on Ag* of Euler 
vector fields are additive on their orbital curves. 

As above the general additive holomorphic vector fields xo on these general fibers 
have only zeros along the intersection of these fibers with Gg, v is biholomorphic 
over fib\GQ (= C"*). Different general components of /ro-fibers (considered as a 
subset of Ag) meet at most in points of Gg. 

c. On the irreducibility and smoothness of fibers. In the above we worked 
only formally with the assumption that general fibers of Ag ^ Ag should be ir¬ 
reducible.. - Let us drop the formal assumption that general fibers of Ag —>■ Ag 
are irreducible. We employ Siu’s theorem mentioned above. Different irreducible 
components fibl of a general fiber fib of Ag* —>■ Ag meet at most in points over 
Ag n Gg. On Ag there are m independent holomorphic liftings Xo,ii * = 
such that the lifting T of Xo,i 7^ Xo,m ^ divisorial zero d* , such that 

d* induces on every component of a general fiber fibl of Ag* —>■ Ag , a P™, the 
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(m + 1)—fold hyperplane fibl fl p*{Gq). has no zero on fibl, / 9 *(^T) has 

no zero on p{fibl), which cannot be if p{fibl)meets other components. The same 
reasoning even gives that general fibers of Xg —)• Xq are smooth, i.e. are P"*’s. 

8.2. S* is of dimension m — 1 and is contained in all ^g-fibers. In chapter 5 
we already showed dim S'* = 0 for m = 1. We will have to make sure dim S* = m — 1 
for all possible m. 

General /rg-hbers fib are P^’s, according to the above. For our purposes we may 
suppose Xg to be smooth. Because of 4.1.f we already know that fib fl Gg is of 
dimension m — 1. It is enough to show that two different general —fibers which 
meet in a point of S*, have in common their intersections with S*.- Let x be the 
holomorphic lifting to X of a general holomorphic Euler vector field onYxF, x* its 
holomorphic lifting to G, Xg its restriction to ; xo is additive and vanishes along 
S*. Let fibl, fib2 (P'^’s) be two general fibers of Xq Xq , which meet in P G S*. 

There exists a bimeromorphic, general fibers preserving map k : Xg —>■ Xq x P™, 
we may suppose that the induced restriction map K\fibl : fibl —>■ K[fibl] (concern¬ 
ing the notion of restrictions of meromorphic maps compare the introduction, for 
reasons of the generality of the fibers involved we may suppose that the restriction 
K\fibl exists) maps fibl bimeromorphically onto P"* {i.e.K[fibl] = P"*); we may 
even suppose that k is biholomorphic in a neighborhood of the general fiber fibl 
and that consequently the restriction K\fibl : fibl K[fibl] = P*" is biholomor¬ 
phic, i.e linear: 

For general s G r{{X,'D) the zero set ‘p*{s = 0) has a component L* which in¬ 
duces on general fibers fib of Xq —>■ X^ (these are P"* ’s) a hyperplane; here count 
L* with multiplicity one, although ^*s may vanish with order > 1 along L*. Let C* 
be the line bundle on Xq corresponding to L*. According to Grauert’s image sheaf 
theorem ( [T5]) the image sheaf is coherent. As Ag is projective, the sheaf 

i/)(g)£* G) 2? ” is for large n over Ag generated by global sections. There exist ele¬ 
ments sg,..., Sm G r(Ag , tp(o)C* ® H ”), which generate (for large n) i/’(o)G* ® 2? ” 
in general points P G Ag . There are So,...,s))j G r(AQ,£* 0 i/)*2? ") the im¬ 
ages of which are sg,...,Sm. The elements define a meromorphic map 

p* : Ag —>• P™, with P* (sq(P*), ..., s^(P*)) for general P*. The bimeromor¬ 
phic map tfjx p* : Ag Ag x P™ has the wanted properties. - Thus the assertions 
for K are established and we can continue the proof of dim S'* = m — 1. 

In the following we will use: Let P™, to > 2, be provided with a homogeneous 
(pg,..., Pm (-coordinate system. Let rj be an additive holomorphic vector field (not 
identically zero) on P"*, vanishing in all points of (pg = 0). Then A . jy jg ^ q in 
general points of (po = 0 ); all orbital curves of A . 7 ^ through such general points 
of (pg = 0 ) lie in (pg = 0 ). 

Now let P* be a general point of Ag fl Gg, P := lp{P*) G S*; there are ar¬ 
bitrarily small Ag n Gg- neighborhoods U* of P*, such that U := (p{U*) is an 
S*-neighborhood of P. Let Ag fl Gg be given in an Ag neigbourhood be given by 
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h = 0, ^ • Xg is holomorphic in such neighborhoods U* which are small enough. 
As Xq is additive and as general fibers fibl are P’"’s , the zero set of Xol/*^l is 
/i51 nGg, -Xo)!^* exists and does not vanish in all points oiU*; •Xo)|t^*) 

does not vanish in all points of U. We can arrange matters, such that 
has no zero in U. But this implies easily: If such fibers fibl, fib2 have a point of 
U in common, then fibl n S'* = fib2 n S*. This gives: All general fibers fib of 
Xq —>■ Xq which possess a common general point of S* have a common intersection 
with S*; here have in mind, that we can consider fib as part of Xq. Thus we proved 
dimS* = m — 1 for m > 1. For m > 1 we proved dimS* = m — 1, without using 
assumptions like Xq being projective, or that general fibers of Xq —> Xq contain 
curves the images of which in Xq are minimal rational curves, i.e. lines. - For 
notational reasons let us continue to suppose that Xq and that general fibers fib 
of Xq —>• Xq are smooth 


8.3. Proof of Xq = F without assuming Xq to be kahler. a. The next aim is 
to show that general fXQ-fibers contain minimal rational curves. It suffices to discuss 
the case m > 1, i.e. the case dimS'* > 0, as the case m = 1 is already dealt with. 
We may suppose that t vanishes along all components of Gq with order I, as this 
can be arranged by a suitable base change. Next we discuss a situation similar to 
the one in chap. 6, but the role of Q* differs; we arrange the following situation: 

Choose general points P*, Q* € Gg, such that P‘ := if { P*) Q ■= if { Q*) 
and that P , Q can be joined in Xq by a line I to be specified in the following. I 
shall not meet Xq which can be assumed, see below, because of dim ATg < n — 2. 

Choose a curve G^ through P*, mapped by t biholomorphically onto a neigh¬ 
borhood (which we suppose to be T) of 0 € T; let G^ := it will do no harm 

to suppose Cl = Yx P . Furthermore let G* be a curve through Q*, mapped by r 
biholomorphically onto a neighborhood (which we suppose to be T) of 0 G T; let 
G := ^(G*), it will do no harm to suppose G = Yx Q . 

Let L = Y X I , L* = L = (p{L*). Lq has exactly one component 

with '0(Lq^°^) = Lq. We can choose I such that Lg^-^^does not lie in a fiber 
of Gg —>■ S*. This follows for instance from 3.5; compare for instance 6.2. If there 
are no further components of Lq (this is the case if Xq is kahlerian), the image 
of Lq = in Xq generates H 2 {Xq, Z) = Z. We can identify S* with fib fl Gg, 

where fib is a general /ig- resp. /rg-fiber; with fib = P™ and S*= a hyperplane in 

pm 

The image of this component Lq^ ^ in Xq lies in S* and thus can be moved around in 
a general /rg-fiber fib = P™, without changing the homology class in Xq, and con¬ 
sequently is a positive multiple of the positive generating element of iL 2 (Arg, Z) = Z. 
If there are no further components of Lq (this is the case if Xq is kahlerian), the 
image of Lq = Lg^°^ in Xq generates H 2 {Xq, Z) = Z.. 
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b. Suppose that there are further components Lg of Lg; their images in Xq 
are points. We may assume that Lg^°^ does not meet Xq. This can be arranged, 
as is a flag manifold with 62 = 1; esp. homogeneous, and as dimXg < n — 2. 
Therefore the line I can be chosen, such that this line does not meet Xq : 

Suppose I ^ Xq and that there are intersection points of I and Xq ; it is no 
restriction to suppose these to be smooth points of Xq . Let (/ = 0) be a hyper¬ 
surface section of Xq of degree <5, which meets I pointwise and contains Xq . I 
meets (/ = 0) in (5 points, counted with multiplicities; suppose there is a common 
intersection point O of I and Xq . Loosely speaking, one can move by biholomor- 
phic maps Xq — >■ Xq, arbitrarily close to the identity map, the line I away from 
Xq in a neighborhood of O , because of dim Jfg < n — 2, without increasing the 
number of the remaining common intersection points of I , Xq . The same idea in 
a slightly different phrasing: In order to have a concrete general example, suppose 
dimXg = n — 2. We can arrange the situation, where there is a 2-dimensional 
irreducible variety V G F containing V and meeting Xq at most pointwise in a 
finite number of points, say p, counted with multiplicity. If we move V a little bit, 
this number p does not change. Via moving V by suitable biholomorphic maps 
F ^ F arbitrarily close to the identity can get in the situation, where I and Xq 
are disjunct. 

Consequently because of 4.1.e. the ’’intersection number” ■^(p*Vq\Lq^^'^ is zero; 
here the vanishing order cr has the meaning of 4.1.e; for general s G H^{X,'D) the 
holomorphic section has no zeroes and is holomorphic, because we may 

assume = 0)] CLg^^^ = 0, here s' G T{X',1)') is associated to s. Therefore 

the image (p{L*Q^'^) is zero homologous in Xq. As for reasons of continuity the image 
of Lg in Xq represents the generating element of F[ 2 {Xq, Z), the only possibility is 
cr = 1; Lq^°^ is of degree one in Xq, lies in all /Cg—fibers, let fib = P"* be a general 
one, all P"* lines in fib are lines in Xq. . 

Remark. In the above we supposed T’ to be a flag manifold with Picard num¬ 
ber 1. The homogenity of F allowed to choose I = Lg, such that Lg does not meet 
Xq . If A is a del Pezzo manifold Fn of dimension n > 3 and degree 5, it seems that 
we have to look for another argument. We have only to discuss the spaces L 4 and 
Fq . For F 4 one has to discuss the case dim Xq = 2 and for Fq the cases dim Xq = 2 
and 3. As any general hyperplane section of F^ delivers F^-i (if 4 < n < 6 ), we 
can cut down F^ to Fq = V 5 and X'q to a curve or a finite set of points. Therefore 
it suffices to solve the following problem: Given a curve 7 C V 5 , find a line I in V 5 , 
which does not meet 7 . - Any point of V 5 lies on a line ; each point lies on only 
finitely many lines (naturally one knows more, this number of lines is < 3, see [13) . 
p. 118), the family of lines in V 5 is a P^, esp. of dimension 2 ; therefore we have 
plenty of choices to choose a line I with the wanted property, as the family of lines 
meeting 7 is at most of dimension 1, a general line I will not meet 7 .- Now let us 
go back to L = a flag manifold with 62 = 1 . 

c. Therefore we know that general p,Q-fibers contain minimal rational curves. - 
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Some of the following arguments can be found in chap. 6.3, it seems to be more 
convenient not just to refer to chap 6 but to reproduce the relevant reasoning a sec¬ 
ond time.- There is only to prove something for F ^ P". Suppose that any general 
fiber fib = P™ of Xq Xq contains a minimal rational curve. Then Xq —>■ Xq is 
over general points of Xq a P'"-bundle. Take a general line I in such a P™, I is in 
Xq a minimal rational curve, i.e. an irreducible curve of degree 1 in Xq, a rational 
curve, as for general s G r{X,V) the zero set (s = 0) meets I analytically just once 
(in I n S*)- we have T(P™)|Z i;: 0(2) © 0(1)"*“^, therefore we can assert 
0(1)™-! _ 

Proof: Provide P™ with inhomogeneous coordinates zi, , consider the vector 

fields gi := zi(zi ■ ... +z^ ■ ^), £»2 := Qm ■= and their 

A—product.This gives the assertion. 

Similarly as in chapter 5, where dim S* = 0 was discussed, one shows that the nor¬ 
mal bundle of I in Xq, is generated by sections having a zero inlnS* and are linearly 
independent in all other points of 1; invoking the adjunction formula 2.5./3 and a the¬ 
orem of Grothendieck on splitting of vector bundles we get ci(A'o) = ci(F) = n +1, 
a contradiction to Ci{F) < n + 1; it suffices to show Ci(Alo) > n + 1, suppose that 
(s = 0) n fib = S* resp. ^(Gq n fib) = S* and that (s = 0) meets I just once and 
this in I HGq: 

There is a smooth Xq — neighborhood U of P” := il}(fib) such that il}~^{U) fl Xq 
can be written as fib x U and such that U carries a (ici,..., coordinate 

system centered in P”. Extend gfy,* = 1, ...,n — m, trivially to vector fields on 
fib X P, call these extended vector fields too extend the pj too trivially to 
fibxU, j = 1,...,m. The bundle P(Xq)|Z is generated by ipf(pi), 0*{g2), ^*igm), 

^*(g^),..., —) and equals the bundle 0(2) © 0(1)”“! over the rational 

curve 1. T(Xq)\1 equals T(l) The normal bundle T(Xq)\ 1\T(1) = '^i/Xg of 

I in Xq is generated over I by (the restrictions of) ip*(g 2 ), ■■■,^*(gm), 

—)’ these vector fields have in common just one point G S*. This im¬ 
plies the contradictionary statement ci(Xo) = ci(P) = n + 1, because I generates 
H 2 (Xq, Z) = Z and the degree of I with respect to anti canonical.line bundle of Xq 
equals n + 1 On the other hand we suppose here ci(Xo) = ci(P) < n + 1 Thus 
theorem 2 is proved. 

d. It is clear, that the above can be adapted to a proof of theorem 3. Com¬ 
pare in this respect the remark in subsection b above, 3.5 and the properties of del 
Pezzo manifolds of degree 5 listed in 3.6. Thus we get a reduction to dimP* = 0, 
i.e. to the hypersurface case, where general holomorphic liftings of Euler vector 
fields have divisorial liftings. But because of [53], |5S] and/or chapter 5 above this 
can only happen for P = P". 

9. Appendix. Some notations and symbols which occur often in the 

same or similar sense. 

Some notations in connection with the bimeromorphic map p. See (for 
instance) 1.1, 1.2.a and 4.1. Y = {|t| < 1}, r : X —)• T is a deformation map. 
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dimXo = n, X = Y x P",. X = Y x F, F = flag manifold with 62 = 1 or a del 
Pezzo manifold of degree 5 and dimension n > 3, n : X ^ X and : X ^ Y x F 
are certain bimeromorphic maps with graphs G and G, ^ 0 = the component of Gq 
which is a proper modification of Xq i.e. is the graph of the induced meromor- 
phic map /tq : ^0 ^ P”, ^ 0 = the component of Gq which is a modification of 
Xq = P”, Xq = the component of Gq which is a modification of Xq i.e. is the graph 
of the induced meromorphic map /tq : ^0 ^ F, Gq= the component of Gq which 
is a modification of Xq = F, ip : G ^ X and -tp : G ^ X and p : G ^ X and 
Ip : G ^ X' are the projection maps, Xq = i/)(Xg), Xq = ip{ -’fo), d = degXg in 
Xq = P”, m = dimension of a general fiber fib of tp\ Xq : Xq —>• Xq , S* = P>{Gq) 
= (p{Gq), S = indeterminancy set of fi (which lies in Xg), S = indeterminancy set 
of n, V is the positive generating line bundle on X which induces for t 0 on Xt 
= F the hyperplane bundle, T) and T) are the corresponding line bundles on X 
resp. X . So, ..., Sn, s^ are sections in V such that fi \ X ^ X is defined 
by P — >■ (t(P);so(P) : ... : s„(P):...: sn{P)) for general P G X; similarly the 
bimeromorphic map p : X ^ X = Y x P"is defined by r and sq, s„. Hf is 
a hyperplane (i.e. a hypersurface generating F[ 2 n- 2 {F, Z) = Z) which among other 
properties fulfills F\Hf = C” and delivers fxp ■ F ^ P", compare for instance 

3.2. Furthermore the del Pezzo manifolds Fq = V 5 , F 4 , P 5 , Fq are dealt with in 3.6. 
a, a , a , a can represent vanishing orders as in 4.1 and later subsections, ct, a , 
(T , a*, (Ji, CT]^, ai represent sections over Y as in 5.1, there will be no confusion. 
fgj /i 5 ) f 25 local functions, see 4.2. - ’’Hypersurface case” means that Xq is a 
hypersurface in in (0) x P”, i.e.m = 1. Concerning x : Xg* ^ Xq see 8.2. 

Some notations in connection with Euler vector fields, see for instance 

1.2, 3.1.a, 3.1.C, 3.2, 3.6, 5.1.a, 5.1.c. x = X is an Euler vector field on Ex 

F with center a{Y) C Y x {F\Hf) = Y x C”, here a = a{t) is a section over 
Y, X induces an Euler vector field y' on E x P", y' resp. y can be lifted to a 
meromorphic vector field y on X with a pole set of order k > \ along Eg, the 
holomorphic vector field (called too an Euler vector field) y = • y is called the 

holomorphic lifting of y resp. y to E, yg and yg,= y* = Xq corresponding 
vector fields on G. ”y” can also represent a character as in 3.2. 7 , %, 7 , %, 7 , 
7 Q*'°^and represent orbital curves resp. families of in general) orbital curves. 
7 q^^^ can in general be identified with 7 Q*'^^and lies in general in a general /iQ-fiber 
fib] but in different situations one should check the definitions of and 

The meaning of El, q;(z), eQ,(j), Ca^., oi, ..., cp, ha(i), au = cni, tOk, hi, hi, reflections 
ctqj, in root spaces can be found in chapter 3, esp. in 3.1, 3.2. in later chapters hi 
(in chap. 7 for instance) also is used as the symbol of a function.. 
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